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Overview of the Talk

0 Very Brief Introduction to Teleparallel theories of gravity
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Curvature tensor

o The curvature becomes

Ruupa = éﬂl/po + 6pDMVO' - %aﬁﬂup + DNTpDTVG' - DNTUDTVp 0
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Curvature tensor

@ The curvature becomes
Ruupa = éﬂupo- + 6pﬁﬂya - %aﬁﬂup + DNTpDTVG' - ﬁ”TUDTVp .

@ Now, by contracting the curvature tensor to obtain the Ricci scalar
R = g"RP,,, we find
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Curvature tensor

@ The curvature becomes
Ruupa = éﬂupo- + §pﬁ'u1/a - 6Uﬁﬂup + BNTpDTVa' - ﬁMTUDTVp .

@ Now, by contracting the curvature tensor to obtain the Ricci scalar
R = g"RP,,, we find

Ricci scalar decomposition
Rm s (T 29,(/31749) + (@ + 9,07~ 9,0, +

with
T := TP T,y 4 2TPAET, \ — AT, TPy, Torsion scalar,
1 1 1 1 - .
Q= = Qag»YQaﬁA’ + 5 Qaﬁnyﬂa’Y IF a QaQ* — > QaoQ , Nonmetricity scalar ,

C:= Q(QKpAT)\Kp + QpaanKn - Qaaprnn) .
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Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that
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Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R:O:é_'_ (T+26N(V_9TPPM))+ (Q"‘6 HY = auQuw/) +E(,
“— R=-T+V.(v/=gT",") = -T +B.
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Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R:O:é_'_ (T+2%N(V_9TPPM))+ (Q"‘6 HY = aVQ,U,WI) +E(,
“— R=-T+V.(v/=gT",") = -T +B.

@ Then, TEGR is constructed from the torsion scalar T
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Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=FR+(T+29,(v=9T"") + (Q + VuQUr =10, ) +.2,
“— R=-T+V.(v/=gT",") = -T +B.

@ Then, TEGR is constructed from the torsion scalar T

(torsional) Teleparallel equivalent of GR (TEGR) action

1

STEGR = / {—2—’€2T aF Lm:| ed*z.
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Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=FR+(T+29,(v=9T"") + (Q + VuQUr =10, ) +.2,
“— R=-T+V.(v/=gT",") = -T +B.

@ Then, TEGR is constructed from the torsion scalar T

(torsional) Teleparallel equivalent of GR (TEGR) action

1

STEGR = / {—2—’€2T aF Lm:| ed*z.

@ Since F differs by T by a boundary term B, the equations of TEGR
are equivalent to the Einstein’s field equations.
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Overview of the Talk

e Generic properties of Teleparallel Theories
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Connection in Teleparallel gravity

@ GR assumes zero torsion and non-zero curvature (Levi-Civita
connection) whereas Teleparallel gravity (TG) assumes zero
curvature and non-zero torsion. Both assumes non-metricity to be
zero, meaning Vo g,, = 0.

1See for a review: S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera, G. Farrugia, V. Gakis, M. Hendry, M. Hohmann,
J. Levi Said, J. Mifsud and E. Di Valentino, Rept. Prog. Phys. 86 (2023) no.2, 026901

Sebastian Bahamonde (*) Hairy BH Teleparallel Gravity 6/30



Connection in Teleparallel gravity

@ GR assumes zero torsion and non-zero curvature (Levi-Civita
connection) whereas Teleparallel gravity (TG) assumes zero
curvature and non-zero torsion. Both assumes non-metricity to be
zero, meaning Vo g,, = 0.

@ TG has a different connection known as “Weitzenbdck connection”,
defined as

1See for a review: S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera, G. Farrugia, V. Gakis, M. Hendry, M. Hohmann,
J. Levi Said, J. Mifsud and E. Di Valentino, Rept. Prog. Phys. 86 (2023) no.2, 026901

Sebastian Bahamonde (*) Hairy BH Teleparallel Gravity 6/30



Connection in Teleparallel gravity

@ GR assumes zero torsion and non-zero curvature (Levi-Civita
connection) whereas Teleparallel gravity (TG) assumes zero
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Connection in Teleparallel gravity

@ GR assumes zero torsion and non-zero curvature (Levi-Civita
connection) whereas Teleparallel gravity (TG) assumes zero
curvature and non-zero torsion. Both assumes non-metricity to be
zero, meaning Vg, = 0.

@ TG has a different connection known as “Weitzenbdck connection”,
defined as

Weitzenbock connection

P = EgfDyety = EP(0,e% + w“bﬂeb,,) .

@ Then, torsion tensor is'

Torsion tensor

A B A B
TP =17, — T2, = Ex° (e U — € + w4 Bu€ v —w Bye M).
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Important properties of Teleparallel theories

@ Variations of any action should be taken with respect to both variables
(with the emphasis that the spin connection is non-arbitrary but
always flat).

2M. Hohmann, L. Jarv, M. Kr§§ak and C. Pfeifer, Phys. Rev. D 97 (2018) no.10, 104042
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Important properties of Teleparallel theories

@ Variations of any action should be taken with respect to both variables
(with the emphasis that the spin connection is non-arbitrary but
always flat).

o Since w?p,, is a pure-gauge quantity, it can be shown that the the
antisymmetric part of the field equations arising from variations w/r to
the tetrads e, coincides with the variations of the action w/r to w”p,,.

@ Then, in the Weitzenbock gauge (zero spin connection), it is sufficient
to: 2

6eS => By = K°Opy, Epu =0, (1)

then, we have 10 + 6 dof of the tetrad in the symmetric+antisymmetric
field equations.

2M. Hohmann, L. Jarv, M. Kr§§ak and C. Pfeifer, Phys. Rev. D 97 (2018) no.10, 104042
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Spherical Symmetry in Teleparallel gravity

@ In TG, all the dynamics can be put in the tetrad and the spin connection can be set to be zero.

3M. Hohmann, L. Jarv, M. Kr§§ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8, 084002
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Spherical Symmetry in Teleparallel gravity

@ In TG, all the dynamics can be put in the tetrad and the spin connection can be set to be zero.
@ We assume that the connection and metric have the same symmetries:

Lz.e?y=-2peP, Lz.whpy=805+w 0B —w® B (2)
¢ ¢ ¢ ¢ < S

3M. Hohmann, L. Jarv, M. Kr§§ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8, 084002
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Spherical Symmetry in Teleparallel gravity

@ In TG, all the dynamics can be put in the tetrad and the spin connection can be set to be zero.
@ We assume that the connection and metric have the same symmetries:

Lgeety=—-2peP,, Lzwtpu=0MB+w A -0 Mo (2

@ The most general tetrad satisfying spherical symmetry in the Weitzenbock gauge (zero spin
connection) is 3

C1 Co 0 0
A _ Czsinfcos¢ Cysinfcos¢p Crcosfcos¢p — Cgsing —sinb(Cssin ¢ + Cg cos 6 cos ¢)
€ v= C3sinfsin ¢ Cy sin @sin ¢ C'5 cos 0 sin ¢ + Cg cos ¢ sin 0(Cs cos ¢ — Cg cos 0 sin ¢) 0
C3 cos O Cy4 cos @ —Cpsin @ Ce sin? 0

where C; = C; (t, r).

3M. Hohmann, L. Jarv, M. Kr§§ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8, 084002
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Spherical Symmetry in Teleparallel gravity

@ In TG, all the dynamics can be put in the tetrad and the spin connection can be set to be zero.
@ We assume that the connection and metric have the same symmetries:

Lgeety=—-2peP,, Lzwtpu=0MB+w A -0 Mo (2

@ The most general tetrad satisfying spherical symmetry in the Weitzenbock gauge (zero spin
connection) is 3

C1 Ca 0 0
A _ Czsinfcos¢ Cysinfcos¢p Crcosfcos¢p — Cgsing —sinb(Cssin ¢ + Cg cos 6 cos ¢)
€ v= C3sinfsin ¢ Cy sin @sin ¢ C'5 cos 0 sin ¢ + Cg cos ¢ sin 0(Cs cos ¢ — Cg cos 0 sin ¢) 0
C3 cos O Cy4 cos @ —Cpsin @ Ce sin? 0

where C; = C; (¢, r).
@ Using guv = nape”.eP,, we have that the metric is

ds? = (Cf—C3)dt? —2(C5Cy — C1C2)dtdr — (CF — C3) dr?
— (C2 + C?) (d6? + r? sin® 0d¢?) ,

where we have cross-terms.

3M. Hohmann, L. Jarv, M. Kr§§ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8, 084002
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Spherical Symmetry in Teleparallel gravity

@ Without losing generality, we can choose a coordinate system such
that the cross term vanishes. This can be easily done by taking the
following reparametrization:

Cy(r) = vA(r)coshp(r), Cs
Cy(r) = &B(r)coshfp(r)
Cs(r) = xC(r)cosa(r), Cg(r)=xC(r)sina(r),

with {v, £, x} being +£1. This tetrad gives the metric in the standard
form in spherical coordinates:

ds* = A(r)? dt* — B(r)>dr? — C(r)?(d6?* + sin? 0d¢?) .
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Spherical Symmetry in Teleparallel gravity

@ Without losing generality, we can choose a coordinate system such
that the cross term vanishes. This can be easily done by taking the
following reparametrization:

Cy(r) = vA(r)coshf(r), Cs(r)=vA(r)sinhS(r),
Cy(r) = &B(r)coshp(r), Ca(r)=EB(r)sinhp(r),
Cs(r) = xC(r)cosa(r), Cg(r)=xC(r)sina(r),

with {v, £, x} being +£1. This tetrad gives the metric in the standard
form in spherical coordinates:

ds* = A(r)? dt* — B(r)>dr? — C(r)?(d6?* + sin? 0d¢?) .

@ Note that 5(r), a(r) are tetrad dof (they do not appear in the metric).
They can be set by solving the antisymmetric field equations.
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Overview of the Talk

e Teleparallel scalar Gauss-Bonnet gravity
@ Scalar-Gauss Bonnet gravity
@ Teleparallel Gauss-Bonnet
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No-hair Theorem

@ In General Relativity, there is theorem called “No-hair theorem” which
states that black holes do not have hair.
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@ In General Relativity, there is theorem called “No-hair theorem” which
states that black holes do not have hair.

@ That means that black holes are described only by three parameters:
its mass M, angular momentum J (if it is rotating) and a charge @
(which is though that it is almost zero for a astrophysical BH).

@ Only with those three parameters, one can predict all effects related to
the black hole.

@ The solution of the metric is the so-called Kerr-Newmann metric which
describes an axially rotating black hole solution with a charge.

@ This is a theorem, meaning that in GR, this is the unique
asymptotically flat black hole solution. In spherical symmetry, it is just
Schwarzschild.

@ Is it possible that black holes have hair? One needs to go beyond GR,
either by having modified gravity or allowing extra degrees of freedom
such as scalar fields coupled to gravity.
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Scalar Gauss-Bonnet

@ One can then modify the theory by having new terms in the action.
New possible curvature invariants can be added and the first ones
that one could think are quadratic contractions of curvature.

Sebastian Bahamonde (*) Hairy BH Teleparallel Gravity 12/30



Scalar Gauss-Bonnet

@ One can then modify the theory by having new terms in the action.
New possible curvature invariants can be added and the first ones
that one could think are quadratic contractions of curvature.

@ In Riemannian gravity, there is a topological invariant in 4D (does not
contribute to the field equations), which is known as the
Gauss-Bonnet invariant defined as

o o

G = Ragw,}o%aﬁlw = 4]%(16}%046 = }022 .
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Scalar Gauss-Bonnet

@ One can then modify the theory by having new terms in the action.
New possible curvature invariants can be added and the first ones
that one could think are quadratic contractions of curvature.

@ In Riemannian gravity, there is a topological invariant in 4D (does not
contribute to the field equations), which is known as the
Gauss-Bonnet invariant defined as

G = Ragw,}ozaﬁlw = 4]%(16}%04,3 = }022 .

@ This means that the theory
1 . 0
SGR=/ — R+ aG| /—gd*x
2kK2

gives the Einstein’s field equations.
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Scalar Gauss-Bonnet

@ One can then modify the theory by having new terms in the action.
New possible curvature invariants can be added and the first ones
that one could think are quadratic contractions of curvature.

@ In Riemannian gravity, there is a topological invariant in 4D (does not
contribute to the field equations), which is known as the
Gauss-Bonnet invariant defined as

G = Ragw,}ofaﬁlw = 4]0:5(15}%&’3 = 10%2 .

@ This means that the theory
1 . 0
SGR=/ — R+ aG| /—gd*x
2kK2

gives the Einstein’s field equations.

@ However, if one allows couplings between the Gauss-Bonnet invariant
and a scalar field, then the field equations will not be longer
equivalent to GR.
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Scalar Gauss-Bonnet

@ The Scalar Gauss-Bonnet (sGB) gravity theory is described by the
following action

1

SsGB = 22

/ iz - %ﬁ B + 0G(W)E] vgd'a.
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SsGB = 22
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Scalar Gauss-Bonnet

@ The Scalar Gauss-Bonnet (sGB) gravity theory is described by the
following action

1
2K2

/ iz - %ﬂ B + 0G(W)E] vgd'a.

SsGB =

o If G(v) = 1, then we just have GR. Equivalently, if ) = const, we just
have GR.

@ For G(v) # const, the field equations are not longer GR. For example
the scalar-field equation is

B0 + ()G = 0, (3)
where G(v)) = dG/du.
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Scalar Gauss-Bonnet

@ The Scalar Gauss-Bonnet (sGB) gravity theory is described by the
following action

SSGB =

L / [1% - %ﬂ 8" + ag(w)é] J=gdic.

252
o If G(v) = 1, then we just have GR. Equivalently, if 1) = const, we just

have GR.

@ For G(v) # const, the field equations are not longer GR. For example
the scalar-field equation is

BEW + aG()G =0, (3)

where G(v)) = dG/du.

o Note: R = 0 in Schwarzschild but G # 0. That property would be
important to understand the difference between this model and the
former one.
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Scalar Gauss-Bonnet and Spontaneous scalarization

@ It has been shown (numerically) that for some particular coupling functions, there are
asymptotically flat scalarized black hole solutions where the scalar charge emerges from a
mechanism called Spontaneous scalarization.
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Scalar Gauss-Bonnet and Spontaneous scalarization

@ It has been shown (numerically) that for some particular coupling functions, there are
asymptotically flat scalarized black hole solutions where the scalar charge emerges from a
mechanism called Spontaneous scalarization.

@ |In this process, the predictions of the theory match the predictions of GR in the weak field
regime but differ in the strong field regime.

@ The described black hole coincides with Schwarzschild one for weak gravitational fields when
the spacetime curvature near the horizon is too weak to source the scalar field.

@ For strong gravitational fields at the horizon, that realizes when the black hole mass M falls
below a certain threshold, the Schwarzschild solution becomes unstable and a non-trivial scalar
field emerges.

@ Thus the solution bifurcates to a different black hole solution with scalar hair.

@ This transition is usually smooth in sGB and shares similarities with second order phase

transitions.
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Scalar fields non-minimally coupled to Torsion

@ In our previous paper*, we studied Teleparallel theories with a scalar
field, for example®:

1
_25}2 M

AT - C)B - JBWI0 - 2V(0)] vgae,

where X = —1¢"0,09,1).

4S. Bahamonde, L. Ducobu and C. Pfeifer, JCAP 04 (2022) no.04, 018

S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil, Eur. Phys. J.
C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.
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Scalar fields non-minimally coupled to Torsion

@ In our previous paper*, we studied Teleparallel theories with a scalar
field, for example®:

1
_25}2 M

AT - C)B - JBWI0 - 2V(0)] vgae,

where X = —1¢"0,09,1).

o Since R = —T + B, when A()) = —C(v)) the above theory is exactly
the same as the standard non-minimally one.

4S. Bahamonde, L. Ducobu and C. Pfeifer, JCAP 04 (2022) no.04, 018

S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil, Eur. Phys. J.
C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.
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Scalar fields non-minimally coupled to Torsion

@ In our previous paper*, we studied Teleparallel theories with a scalar
field, for example®:

1
_25}2 M

AT - C)B - JBWI0 - 2V(0)] vgae,

where X = —1¢"0,09,1).
o Since R = —T + B, when A()) = —C(v)) the above theory is exactly
the same as the standard non-minimally one.

@ We found new exact black hole solutions (some of them different to
the Riemannian case), but they seem to be not so much interesting
phenomenologically.

4S. Bahamonde, L. Ducobu and C. Pfeifer, JCAP 04 (2022) no.04, 018

S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil, Eur. Phys. J.
C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.
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Teleparallel scalar Gauss-Bonnet

@ One can formulate a similar (and more general) theory than the
Riemannian scalar Gauss-Bonnet theory but in the Teleparallel
geometry.
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Teleparallel scalar Gauss-Bonnet

@ One can formulate a similar (and more general) theory than the
Riemannian scalar Gauss-Bonnet theory but in the Teleparallel
geometry.

@ Since curvature is zero in TG, we arrive at

Relationship Riemannian Gauss-Bonnet and Teleparallel Gauss-Bonnet invariants

G =1Ts+ Bg )
where
To = OH K KX, K eg K\ + 20007 K KT, KX K
+20457 K K DAKXS,
Be = éau [eég/’;‘;jmﬁy <K7£0K55 ‘= %ﬁhf“)] .

Here, D, is the cov derivative of the Tele connection and
KPu, =T, —T?,, = % (TP + TPy — TP ).
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Teleparallel scalar Gauss-Bonnet

@ Then, two Teleparallel Gauss-Bonnet invariants appear in the
Teleparallel framework. T¢; is a topological invariant in 4D and Bg is a
boundary term (in all dimensions).
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construct a scalar Gauss-Bonnet theory. We then propose, ©
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Teleparallel scalar Gauss-Bonnet

@ Then, two Teleparallel Gauss-Bonnet invariants appear in the
Teleparallel framework. T¢; is a topological invariant in 4D and Bg is a
boundary term (in all dimensions).

@ That means that in Teleparallel gravity, there are more ways to
construct a scalar Gauss-Bonnet theory. We then propose, &

Stan = 53 | [ =T~ 580,60"6 + m61 ()T + 0262(4) B ez

22

@ This theory reproduces the Riemannian case in the limit Gy, =G, =G
and a; = ag = o

@ For other coupling cases, the theory is different from the Riemannian
case.

6S. Bahamonde, D. D. Doneva, L. Ducobu, C. Pfeifer and S. S. Yazadjiev, Phys. Rev. D 107 (2023) no.10, 104013)
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Teleparallel scalar Gauss-Bonnet

@ It is convenient to re-parametrize the action such that one has the
Riemannian case: (Note again G = T + Bg)

StsaB =

L / [-7- %ﬁauzpaﬂwaggz(zp)(é—:rg) + 016y ()T ed'a

2K2
_ 1
T 2K2

[ [f= 550,606 + asGa(0)G + asGa(w)Tc] e,
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@ It is convenient to re-parametrize the action such that one has the
Riemannian case: (Note again G = T + Bg)

StsaB =

L / [-7- %5au¢aw+a2g2(¢)(é—:rg) + 016y ()T ed'a

22

oI

T 9k2

@ There are three important limiting cases appearing from the above
action:

[ [f= 550,606 + asGa(0)G + asGa(w)Tc] e,
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Riemannian case: (Note again G = T + Bg)
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@ There are three important limiting cases appearing from the above
action:
@ a3 =0 (or equivalently a1G;(v)) = aaGa(1))): this theory corresponds to
the standard sGB theory.
Q a, = 0: this theory corresponds to a purely Teleparallel theory where
the dynamics are governed by F(¢)T¢.
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Teleparallel scalar Gauss-Bonnet

@ It is convenient to re-parametrize the action such that one has the
Riemannian case: (Note again G = T + Bg)

L / [-7- %wuwaﬂwazgz(w)(é—:rc) + 016y ()T ed'a

2K2
_ 1
T 2K2

@ There are three important limiting cases appearing from the above
action:

@ a3 =0 (or equivalently a1G;(v)) = aaGa(1))): this theory corresponds to
the standard sGB theory.

Q a, = 0: this theory corresponds to a purely Teleparallel theory where
the dynamics are governed by F(¢)T¢.

Q a3G3(v) = —a2G2(v) (or equivalently «; = 0): this theory also
corresponds to a purely Teleparallel theory where the dynamics are
governed by F(¢)Bg.

StsaB =

[ [f= 550,606 + asGa(0)G + asGa(w)Tc] e,
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Teleparallel scalar Gauss-Bonnet

@ It is convenient to re-parametrize the action such that one has the
Riemannian case: (Note again G = T + Bg)

L / [-7- %wuwaﬂwazgz(w)(é—:rc) + 016y ()T ed'a

2K2
_ 1
T 2K2

@ There are three important limiting cases appearing from the above
action:

@ a3 =0 (or equivalently a1G;(v)) = aaGa(1))): this theory corresponds to
the standard sGB theory.

Q a, = 0: this theory corresponds to a purely Teleparallel theory where
the dynamics are governed by F(¢)T¢.

Q a3G3(¢¥) = —a2Go(7h) (or equivalently a; = 0): this theory also
corresponds to a purely Teleparallel theory where the dynamics are
governed by F(¢)Bg.

@ The second and third cases (a3 # 0) are new in the literature and they
can only exist when one considers Teleparallel gravity.

StsaB =

[ [f= 550,606 + asGa(0)G + asGa(w)Tc] e,
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Antisymmetric field equations - Solutions

@ The field equation contains antisymmetric and symmetric part. There
are two different ways to solve the antisymmetric field equations.
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Antisymmetric field equations - Solutions

@ The field equation contains antisymmetric and symmetric part. There
are two different ways to solve the antisymmetric field equations.

@ Tetrad contains more dof than the metric (two different tetrads can
give rise the same metric - Lorentz dof).

@ The first branch which solves the antisymmetric equations is
B(r) = imny,a(r) = mny which gives

vA 0 0 0

()a _ 0 &Bsinfcos¢ xCcosOcos¢p —xCsinfsing _

e = 0 ¢Bsinfsing  xCcosfsing  xCsinfcos ¢ , {wé&ad=+1.
0 ¢Bcos —xC'sin 6 0
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Antisymmetric field equations - Solutions

@ The field equation contains antisymmetric and symmetric part. There
are two different ways to solve the antisymmetric field equations.

@ Tetrad contains more dof than the metric (two different tetrads can
give rise the same metric - Lorentz dof).

@ The first branch which solves the antisymmetric equations is
B(r) = imny,a(r) = mny which gives

vA 0 0 0

La  _ 0 &Bsinfcos¢ xCcosOcos¢p —xCsinfsing _

TR = 0 ¢Bsinfsing  xCcosfsing  xCsinfcos ¢ , {wé&ad=+1.
0 ¢Bcos —xC'sin 6 0

@ The second branch branch which solves the antisymmetric equations
is B(r) = & +irng,a(r) = T + m which gives

0 i€B 0 0
(2)a  _ iwAsin 6 cos ¢ 0 —xCsing —xC'sinfcosf cos ¢ _
¢ k= iwAsin 6 sin ¢ 0 xCcos¢p  —xCsinfcosfsin ¢ v {méxp ==L
iwAcos6 0 0 xC'sin® 0
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Black holes in Teleparallel sGB - Spontaneous scalarization

@ The theory gives us the possibility to have such an unstable mode if

—403G3 (o) + 602G (o) + 5BM? -

208M3 0.
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@ The theory gives us the possibility to have such an unstable mode if

—4a3G3 (1) + 602G (1) + 53M? -

208M3 0.

o If we choose a3 = 0 we recovered the well-known sGB result.

@ For our theory, spontaneous scalarization can occur in our theory for
a much larger choice of parameters for different masses.
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Black holes in Teleparallel sGB - Spontaneous scalarization

@ The theory gives us the possibility to have such an unstable mode if

—4a3G3 (1) + 602G (1) + 53M? -

208M3 0.

o If we choose a3 = 0 we recovered the well-known sGB result.

@ For our theory, spontaneous scalarization can occur in our theory for
a much larger choice of parameters for different masses.

@ Contrary to the sGB case, where scalarization of non-rotating black
holes was possible only for s < 0, we can have scalarization for
different signs of the coupling parameters.
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Black holes in Teleparallel sGB - expansion around horizon

o When a3Gs # asGs, the scalar field at the horizon must satisfy 7

. TH 17,9 32(asGs — axGo) in, )
= ——— |1+ DA\TSYS — T2Y2) 39 _
Vu 4(a2G2 — a3G3) ( B [ﬂ i s { 305 (a3G3 — @2G2)
4 y ; 1/2 8a3Gs
+8r (302G +a3g3)}] ) -

7S. Bahamonde, D. D. Doneva, L. Ducobu, C. Pfeifer and S. S. Yazadjiev, Phys. Rev. D 107 (2023) no.10, 104013
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Black holes in Teleparallel sGB - expansion around horizon

o When a3Gs # asGs, the scalar field at the horizon must satisfy 7

; "H 175, 32(c303 — a2Go) 9, .
= —————— [}t = e e ey _
Vi 4(a2Ga — a3G3) ( B [ﬁ + s { a3G5 (a3Gs — a2G2)
4 5 5 1/2 80{393
+B7r5 (3a2Ga + a3g3)}] ) _ ﬂr?{ .

@ This branch gives the correct condition for the Riemannian sGB case
(a3 = 0) that has been used widely in the literature to solving the
equations numerically:

1

4aor i Ga

7S. Bahamonde, D. D. Doneva, L. Ducobu, C. Pfeifer and S. S. Yazadjiev, Phys. Rev. D 107 (2023) no.10, 104013
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Black holes in Teleparallel sGB - expansion around horizon

o When a3Gs # asGs, the scalar field at the horizon must satisfy 7

; "H 175, 32(c303 — a2Go) 9, .
= —————— [}t = e e ey _
VH 4(a2Ga — a3G3) ( B [ﬁ + s { a3G5 (a3Gs — a2G2)
. . 1/2 8a3G3
+,3r‘11{(3azg2 + a3g3)}] ) _ ,81"?_[ .

@ This branch gives the correct condition for the Riemannian sGB case
(a3 = 0) that has been used widely in the literature to solving the
equations numerically:

1 202
@b}f = — |:7"12LI:|: r%——gﬁaggﬂ.

daorgGo
@ This analysis suggests that there are two different branches in
Teleparallel sGB having asymptotically flat scalarized black hole
configurations.

7S. Bahamonde, D. D. Doneva, L. Ducobu, C. Pfeifer and S. S. Yazadjiev, Phys. Rev. D 107 (2023) no.10, 104013
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Black holes in Teleparallel sGB - Numerical solutions

o By Taking 5 = 4 (kinetic constant), and setting the background value
of the scalar field to zero, we have two coupling constants a» and as
and two coupling functions G, and Gs.

8D. D. Doneva and S. S. Yazadjiev, Phys. Rev. Lett. 120 (2018) no.13, 131103
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Black holes in Teleparallel sGB - Numerical solutions

o By Taking 5 = 4 (kinetic constant), and setting the background value
of the scalar field to zero, we have two coupling constants a» and as
and two coupling functions G, and Gs.

@ We have decided to fix the two coupling functions in the following form

1

== (1 - e—W) = G5(v).

Ga(v)
This exponential function has one of the desired properties for
scalarization, namely, it allows the GR solutions with a zero scalar
field to be also solutions of the more general system of equations in
Teleparallel gravity.
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Black holes in Teleparallel sGB - Numerical solutions

o By Taking 5 = 4 (kinetic constant), and setting the background value
of the scalar field to zero, we have two coupling constants a» and as
and two coupling functions G, and Gs.

@ We have decided to fix the two coupling functions in the following form

1

Ga() = 12

(1- ") = Ga(w).
This exponential function has one of the desired properties for
scalarization, namely, it allows the GR solutions with a zero scalar
field to be also solutions of the more general system of equations in
Teleparallel gravity.

@ For this coupling, it was proven & that stable scalarized black hole
solutions exist in the sGB case.

8D. D. Doneva and S. S. Yazadjiev, Phys. Rev. Lett. 120 (2018) no.13, 131103
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Black holes in Teleparallel sGB - Numerical solutions

@ Having fixed G, and Gs, the only theory parameters left to vary are s
and as and more precisely, their relative weight. The following two
cases are especially interesting, since they are purely Teleparallel, i.e.
the scalarization is triggered by torsion:

°D. D. Doneva, F. M. Ramazanoglu, H. O. Silva, T. P. Sotiriou and S. S. Yazadjiev,
[arXiv:2211.01766 [gr-qc]].
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Black holes in Teleparallel sGB - Numerical solutions

@ Having fixed G, and Gs, the only theory parameters left to vary are s
and «3 and more precisely, their relative weight. The following two
cases are especially interesting, since they are purely Teleparallel, i.e.
the scalarization is triggered by torsion:

Q o, = 0 while a3 # 0, the modification of GR comes only from the
Teleparallel topological invariant T;
Q G, + a3Gs = 0, the modification of GR comes only from the additional
Teleparallel boundary Bg.
In either of these two limiting cases, no contribution of the
Riemannian Gauss-Bonnet term is present.

@ These cases go beyond the classification of theories allowing for
scalarization that is discussed in a recent Review?®

°D. D. Doneva, F. M. Ramazanoglu, H. O. Silva, T. P. Sotiriou and S. S. Yazadjiev,
[arXiv:2211.01766 [gr-qc]].
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1

Numerical solutions - Mass and scalar charge case

15+
1r a,=-1
—GR [a)
7
= BCL:
“ ——a=10
——a;=05
0.5/ —— a,=0(sGB)
by - a;=-05
- BC2:
Py
gy - a=-10
0 L L L T
0 02 04 06 08

M

Figure: Setting as = —1 (the Riemannian sGB) and varying a3

@ With the increase of a3 the point of bifurcation from the GR branch
moves to large masses.
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Numerical solutions - Mass and scalar charge case 1

L5

1r a,=-1
——GR a
BCL:

—— ;=10

"

—— 705
03 , —— a,70(sGB)
a=-05
BC2:
-- a;=-10

L L L
0 0.2 0.4 0.6 0.8
M

Figure: Setting as = —1 (the Riemannian sGB) and varying a3

@ With the increase of a3 the point of bifurcation from the GR branch
moves to large masses.

@ For larger a3, the branch of scalarized solutions disappears at smaller
masses.
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Numerical solutions - Mass and scalar charge case 2

2 : 04
=1
——GR
BCL:
151 i 03
— =08
— a,=00
Foab |oaso04 J 0 o2}
BC2: /
L - - a;=10]
o5t 01
.‘\
\
o . : : : @ L
0 02 04 06 08 1 0 02 04 06 08 1
M M

Figure: Setting as = 1 (the Teleparallel part) and varying as

@ Contrary to the previous figure, larger o, move the bifurcation point to
smaller masses
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Numerical solutions - Mass and scalar charge case 2

2 : 04
=1
——GR
BCL
50 a2 03}
— a,=-08|
[—— a,=00
St =04 J 0 o2}
BC2: /
L - - a;=10]
o5t f o1f
.‘\
'
o . : : : @ L
0 02 04 06 08 1 0 02 04 06 08 1
M M

Figure: Setting as = 1 (the Teleparallel part) and varying as

@ Contrary to the previous figure, larger o, move the bifurcation point to
smaller masses

@ Even though this case offers a completely new type of scalarization,
the behaviour of the solutions branches is qualitatively very similar to
the sGB theory
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New results with different couplings

o Last month, we finished a new study within this theory'® and we found
that the real tetrad seems to be incompatible for constructing
scalarized black holes.

108. Bahamonde, D. D. Doneva, L. Ducobu, C. Pfeifer and S. S. Yazadijiev, [arXiv:2307.14720 [gr-qc]]. To appear in PRD.
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o G, = v where the GR black holes are not solutions of the field equations
and the black holes are always endowed with scalar hair; (shift
symmetry)
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New results with different couplings
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scalarized black holes.

@ We concentrated again on the complex tetrad and we explored two
popular coupling functions:

o G, = v where the GR black holes are not solutions of the field equations
and the black holes are always endowed with scalar hair; (shift
symmetry)

o G; = 2, which leads to black hole scalarization, i.e. Schwarzschild
black hole is always a solution of the field equations but for small black
hole masses, it becomes unstable giving rise to a spontaneously
scalarized branch of solutions.

@ Even though simpler compared to the exponential coupling
considered before, the second choice leads to unstable black hole
solutions in the Riemannian Gauss-Bonnet case. Interestingly, this
observation might change for a strong enough torsional contribution.
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Scalarized Black holes Gauss-Bonnet - Shift symmetric Go = G3 = ¥

@ Recall that when G; = ¢, v = const is not a solution of the field
equations. Thus, the black holes are always endowed with scalar hair.
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Scalarized Black holes Gauss-Bonnet - Shift symmetric Go = G3 = ¥

@ Recall that when G; = ¢, v = const is not a solution of the field
equations. Thus, the black holes are always endowed with scalar hair.

@ In addition, the field equations are invariant under a simultaneous
change of signs of the coupling parameters as, a3, and the scalar
field ¥ (v — ¥ + «).

@ Main results for this coupling:

@ The scalar charge D can be positive/negative leading to a range of
parameters where the scalar charge is practically vanishing.

@ In such cases, we have black hole solutions with vanishing scalar
charge but nonzero scalar field close to the black hole horizon.

@ Such compact objects would not emit scalar gravitational radiation,
despite their sometimes large deviation from GR.

@ This has interesting implications: For example, if put in a binary, such a
black hole will emit only very little scalar dipole radiation while the
scalar field might influence the binary dynamics significantly.
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Scalarized Black holes Gauss-Bonnet - Quadratic coupling G = G3 = v?

@ Quadratic couplings is often avoided in numerical simulations since, in
the Riemannian case at least, it leads to unstable black hole solutions.
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when the pure teleparallel term is stronger, the branch of solutions turn
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branches that turn right after bifurcation.
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@ Quadratic couplings is often avoided in numerical simulations since, in
the Riemannian case at least, it leads to unstable black hole solutions.

@ In addition, the branches of solutions are terminated shortly after the
bifurcation point.

@ In this case the GR-like black holes with zero scalar field are always
solutions of the field equations and only in a certain range of black
hole masses do additional scalarized solutions appear.

@ Main results for this coupling:

@ |Interestingly, for certain combinations of o, and a3, predominantly
when the pure teleparallel term is stronger, the branch of solutions turn
left after the bifurcation point instead of turning right. —- indication of
stable solutions!

©Q Another indication of stability: The horizon radius of the scalarized
black holes, in this case, gets larger than the GR one contrary to all
branches that turn right after bifurcation.

@ our results indicate that the pure teleparallel term might potentially lead
to a stabilization of the black holes for pure quadratic coupling.
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Conclusions and future works

o Teleparallel offers a new way for studying BH endowed with hairs
that can have different properties as in the Riemannian sector.
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Conclusions and future works

o Teleparallel offers a new way for studying BH endowed with hairs
that can have different properties as in the Riemannian sector.

@ We have found new interesting hairy black hole solutions with
spontaneous scalarization process hair which are sourced by
torsion.

@ Future work:

@ Are these solutions stable or not? we need to develop a perturbation
theory for black holes in TG.

@ Can the Tele Gauss-Bonnet theory be used for studying binary of
black holes?

© What happens with spontenous scalarization for neutron stars?

Q@ Within Symmetric TG, can one construct similar scalarization with the
new Gauss-Bonnet that we derived?
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