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Overview of the Talk

0 Introduction to Metric-affine gravity
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Overview of the Talk

9 Metric-Affine gravity
@ Basic geometrical quantities
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How to modify it?

Non-Riemannian geometry Higher-order theories
Metric-affine Einstein-Cartan
gravity
Poincaré gauge gravity
Teleparallel theories

Quantum gravity theories

Horava-Lifschitz

Loop quantum Asymptotic
gravity safety

[Supergravity] [Rainbow gravity]

Other approaches
Padmanabhan Holography

Analogue
gravity

Other approaches

General
Relativity

Tensor-vector-scalar theories

Kaluza-Klein

(Ei.nstei.n-}Ether] (Proca theories]

Beyond Horndeski

Figure: Classification of theories of gravity. (S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera,
G. Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi Said, J. Mifsud and E. Di Valentino,
“Teleparallel gravity: from theory to cosmology,” Rept. Prog. Phys. 86 (2023) no.2, 026901.)



Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
comp.) of an affine connection.
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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
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@ The most general connection can be written as
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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita
~ =

A A
I'y= I''w
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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torsion part

PA A +1T’\ A
= iz ot (1 v)
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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torsion part Nonmetricity part
PA A +ET’\ T A‘_l_lQ/\ ~Q N
p = v 9 M (b v) T o w (1 v)

@ Further, we can write

T, =T + K+ L7, =T, + N,

A A A A
R% ppv = B ppy + 2V N7 ) + 2N 51y N7 )
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:

1 1
T 4 = 5 (V T, — &> HTV) + ae)‘ i S?
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:

1 1
T 4 = 5 (V T, — &> HTV) + ae)‘ i S?

o Vector part T, = T .5,
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:

1 1
T 4 = 5 (5A T, — &> HT,,) + Ee)‘ i S?

o Vector part T, = T .5,
o Axial vector part S, = ..o T (only this part couple with spin-1/2 fields),
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:

1

66)\ oS’ + t>‘ T

A Lo @A
7 ,w_3<5 B, = HT,,)—i—
o Vector part T, = T .5,
o Axial vector part S, = ..o T (only this part couple with spin-1/2 fields),

o Tensorpartt* ., =T* ., — 3 (8%, T, — 6\ T,) — 2>, S”.
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:
T = 1 (T — 8,1 + 162 087 + 2
w =3 vlpy =0 ply 65 pur®" 17 Ly
o Vector part 7, = T* .5,
o Axial vector part S, = ..o T (only this part couple with spin-1/2 fields),
o Tensorpartt* ., =T* ., — 3 (8%, T, — 6\ T,) — 2>, S”.

@ Irreducible decomposition of the nonmetricity tensor:

Q)\/U/ = guuw)\ + Q)\uu )

1

1 1
o = 3 (Drudv + ghy) — ZQ;WA,\ + 56,\,;0(#91/) P2 Dy -
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:
T = 1 (T — 8,1 + 162 087 + 2
w =3 vlpy =0 ply 65 pur®" 17 Ly
o Vector part 7, = T* .5,
o Axial vector part S, = ..o T (only this part couple with spin-1/2 fields),
o Tensorpartt* ., =T* ., — 3 (8%, T, — 6\ T,) — 2>, S”.

@ Irreducible decomposition of the nonmetricity tensor:

QA/U/ = guuw)\ + Q)\,uu )
1 1 1
o = 3 (Drudv + ghy) — ZQ;WA,\ + 56,\,;0(#91/) P2 Dy -
o Weyl vector W, = 2Q,... ",

Sebastian Bahamonde (*) Metric-affine and applications



Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:

1
™, = % (9T =) + 2% S+
o Vector part T, = T* .,
o Axial vector part S, = ..o T (only this part couple with spin-1/2 fields),
o Tensorpartt* ., =T* ., — 3 (8%, T, — 6\ T,) — 2>, S”.

@ Irreducible decomposition of the nonmetricity tensor:

Q)\/U/ = g;wW)\ + Q)\uu )

1

1 1
o = 3 (Drudv + ghy) — ZQ;WA,\ + 56,\,;0(#91/) P2 Dy -

o Weyl vector W, = 1Q,. ”,
@ Second vector part A, = 5 (Q" v — Wy),
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:
" 1 N A 1 A P A
T =3 (6.7 - 8*.T) + 28 S+

o Vector part T, = T* .,
o Axial vector part S, = ..o T (only this part couple with spin-1/2 fields),

o Tensorpartt* ., =T* ., — 3 (8%, T, — 6\ T,) — 2>, S”.
@ Irreducible decomposition of the nonmetricity tensor:

Q)\/U/ = g;wW)\ + Q)\uu )
1

1 1
o = 3 (Drudv + ghy) — ZQ;WA,\ + 56,\,;0(#91/) P2 Dy -

o Weyl vector W, = 1Q,. ”,
@ Second vector part A, = 5 (Q" v — Wy),
o First tensor part Qx ** = — [e""P7Qpox + " x (37, — W,)],
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Decomposition into irreducible parts

@ Irreducible decomposition of the torsion tensor:
" 1 N A 1 A P A
T pv = g <5 VT;L ) HTV) aF EE puuS +1 77

o Vector part T, = T* .,
o Axial vector part S, = ..o T (only this part couple with spin-1/2 fields),
o Tensorpartt* ., =T* ., — 3 (8%, T, — 6\ T,) — 2>, S”.

@ Irreducible decomposition of the nonmetricity tensor:

Q)\/U/ = g;wW)\ + Q)\uu )
1 1 1
o = 3 (Drudv + ghy) — ZQ;WA,\ + 56,\,;0(#91/) P2 Dy -
o Weyl vector W, = 2Q,... 7,
@ Second vector part A, = 5 (Q" v — Wy),
o First tensor part Qx ** = — [e""P7Qpox + " x (37, — W,)],
@ Second tensor part g = Q(xuw) — 9o W) — 39 Ax)-

Sebastian Bahamonde (*) Metric-affine and applications



Vo — 0
[Symmetric teleparallel] Qup

Minkowski
Q Q
a V&
&\» W ) &\» W®
vp — 0
Teleparallel Q“”—» Metric teleparallel ?
< g
1 S
S g
§§ o
o = T
T 3
& Weyl -
)Q Q;wp —0 Q
Ny N
Qup — 0
=

Riemann-Cartan

Classification of metric-affine geometries - Cube (s. Bahamonde, k. F. Dialektopouios,
C. Escamilla-Rivera, G. Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi Said, J. Mifsud and E. Di Valentino,
“Teleparallel gravity: from theory to cosmology,” Rept. Prog. Phys. 86 (2023) no.2, 026901.)



Overview of the Talk

e MAG models with dynamical torsion and nonmetricity (Weyl only)
@ Spherically symmetry in Weyl-Cartan geometry
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MAG models with dynamical torsion and nonmetricity (Weyl only)

@ Quadratic gravitational action with dynamical torsion and
nonmetricity in Weyl-Cartan geometry (), = 9,,,V and

/Q()\p,y = 0)
4 1 " DA puv
= /d x«/_—g{ﬁm o [ — 4R — 6dy Ry [y RN
- - . 1 - -
= 9d1R)\[puy]R‘u[>\V‘o] 4 8d1R[uu]R[‘uu] A 3 (32e1 + 8e2 + 17d1) R* NelR 5

— 7d1R[,W]R>\ A +3 (1 — 2a2) T[)\H,,]T[)“w]] } .

i S. Bahamonde and J. G. Valcarcel, JCAP 09, 057 (2020).
28. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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MAG models with dynamical torsion and nonmetricity (Weyl only)

@ Quadratic gravitational action with dynamical torsion and
nonmetricity in Weyl-Cartan geometry (), = 9,,,V and

/Q()\,u,y = 0)
4 1 " DA puv
= /d x,/_—g{,cm o [ — 4R — 6dy Ry [y RN
- - . 1 - -
= 9d1R)\[puy]R‘u[>\V‘o] 4 8d1R[uu]R[‘uu] A 3 (32e1 + 8e2 + 17d1) R* NelR 5

— 7d1R[,W]R>\ A +3 (1 — 2a2) T[)\H,,]T[)“w]] } .

o If 7%, = Qxu = 0 we recover GR, and the field strength tensors
are related to the Bianchi identities.

i S. Bahamonde and J. G. Valcarcel, JCAP 09, 057 (2020).
28. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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MAG models with dynamical torsion and nonmetricity (Weyl only)

@ Quadratic gravitational action with dynamical torsion and
nonmetricity in Weyl-Cartan geometry (), = 9,,,V and

D =0)
_ 9d1R>\[Puu]R”[>\V‘O] + 8d1R[W]R[“"] + % (32e1 + 8ez + 17d1) R 5, RP ™
— Tdi Ry B 3™ + 3 (1 — 2a2) T’[A/M/]T[)\HV]] } :

o If 7%, = Qxu = 0 we recover GR, and the field strength tensors
are related to the Bianchi identities.

@ Absence of a general Birkhoff’s theorem in MAG: new spherically
and axially symmetric vacuum solutions with independent dynamical
torsion and nonmetricity fields'-2

i S. Bahamonde and J. G. Valcarcel, JCAP 09, 057 (2020).
28. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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Spherical symmetry

@ Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 + #8 + #2 = #12):

Legu = ,CgTA,u,, =LW,=0 = EﬁR)\pw, =0
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Spherical symmetry

@ Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 + #8 + #2 = #12):
Legu = LT = LW, =0 = LeRypu =0

@ By solving these equations we find that torsion and nonmetricity
behave as
T'yp=a(r), T yp=0b(r), T%w, =f(r), T%.9 =g(r)
T 10, = e b 6, €ab d(1) , T "o, = e b 9, €ab N(T)
T 0.0, = €1 k(1) sinfy, T g9, = €xl(r) sindy,
Wy = (wyi(r), ws(r),0,0) ,

whereas the metric is in the standard spherically symmetric form:

dr?
W (r)

Here, €y, is the Levi-Civita symbol in two dimensions.

ds* = Uy (r) dt* — — 17 (b3 + sin® 01d63) .
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Resolution of the field equations - solution with spin and dilation

@ Reissner-Nordstrdm solution with spin and dilation charges:

2m  dik2 — deg k3
gtt:_l/grrE\I’(T):l—T—F%-
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Resolution of the field equations - solution with spin and dilation

@ Reissner-Nordstrdm solution with spin and dilation charges:
2m  dikZ — 4dei k>
gtt:_l/grrE\IJ("’):l__‘F—l = 3 ! al.
T T
@ Kinetic part of the Lagrangian:

di |1 35 5 = _ _ _ .
167 Lain = 31 §F}S§)F(S)”" + a}\tk w/aptmw + 38pt>\;w (8"#“’)‘ _ autAuP)]

+ 4€1F;SY;V)F(W)MV
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Resolution of the field equations - solution with spin and dilation

@ Reissner-Nordstrdm solution with spin and dilation charges:
2m  dikZ — 4dei k>
gtt:_l/grrE\IJ("’):l__‘F—l = 3 ! al.
T T
@ Kinetic part of the Lagrangian:

di [1 (8 o3 . _ : §
16mLin = 5 |GFD FO™ + 38 1B, + 30,0 (78 a“t*"f')]

+ 461Fl§ZV)F(W)MV

Ghost-free conditions for torsion and nonmetricity:

d; <0, e <0.
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Resolution of the field equations - solution with spin and dilation

@ Reissner-Nordstrdm solution with spin and dilation charges:

2m  dik? — de K2
gtt:_l/grrE\IJ("’):l__‘F—l = 3 ! al.
T r

@ Kinetic part of the Lagrangian:

i e e S _ _ _
16mLin = 5 |SFDFO™ + 38 w8, + 30,5, (apt“"* - aﬂt*"ﬂ)]

+ 461F§ZV)F(W)”V
@ Ghost-free conditions for torsion and nonmetricity:
dy <0, e <0.

@ Absence of the inner pathological Cauchy horizon in the
Reissner-Nordstrom geometry if
om  |dikZ — 461/’%3’e|

i —de1rg <0, U(r)=1-="— ]
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What do these charges represent?

o Torsion part:
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What do these charges represent?

o Torsion part:

@ Intrinsic spin generates gravitation. This effect does not exist in GR.
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What do these charges represent?

o Torsion part:

@ Intrinsic spin generates gravitation. This effect does not exist in GR.

©Q We know that the spin is a fundamental property of particles. Since
their masses contribute to gravity, why their spin do not?
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What do these charges represent?

o Torsion part:

@ Intrinsic spin generates gravitation. This effect does not exist in GR.

©Q We know that the spin is a fundamental property of particles. Since
their masses contribute to gravity, why their spin do not?

© The solution is in vacuum and a charge «, appears (spin charge).
Analogue to the case of Schwarzschild where the mass M appears.
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What do these charges represent?

o Torsion part:

@ Intrinsic spin generates gravitation. This effect does not exist in GR.

©Q We know that the spin is a fundamental property of particles. Since
their masses contribute to gravity, why their spin do not?

© The solution is in vacuum and a charge «, appears (spin charge).
Analogue to the case of Schwarzschild where the mass M appears.

@ We expect that the spin charge might be important in certain
astrophysical scenarios such as: highly mangnetized neutron stars;
supermassive black holes with endowed spin.
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What do these charges represent?

@ Nonmetricity part - only Weyl:
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What do these charges represent?

@ Nonmetricity part - only Weyl:

@ Intrinsic dilations generates gravitation. This effect does not exist in GR.
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What do these charges represent?

@ Nonmetricity part - only Weyl:

@ Intrinsic dilations generates gravitation. This effect does not exist in GR.

Q@ dilation: deformation that involves only change of volume (in this case,
intrinsic dilation!)
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What do these charges represent?

@ Nonmetricity part - only Weyl:

@ Intrinsic dilations generates gravitation. This effect does not exist in GR.

Q@ dilation: deformation that involves only change of volume (in this case,
intrinsic dilation!)

©Q Weyl part of nonmetricity is “scale invariant”
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What do these charges represent?

@ Nonmetricity part - only Weyl:

@ Intrinsic dilations generates gravitation. This effect does not exist in GR.

Q@ dilation: deformation that involves only change of volume (in this case,
intrinsic dilation!)

©Q Weyl part of nonmetricity is “scale invariant”

@ Do all particles in nature have different dilations? is this property
important in particle physics?
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The traceless part of nonmetricity and shears

o Recall that the complete nonmetricity is Q. = g Wx + &, Where
&, being its traceless part.
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The traceless part of nonmetricity and shears

o Recall that the complete nonmetricity is Q. = g Wx + &, Where
&, being its traceless part.

@ If this quantity is different to zero, when we parallel transport a vector,
not only its norm changes but also its angle.
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The traceless part of nonmetricity and shears

o Recall that the complete nonmetricity is Q. = g Wx + &, Where
&, being its traceless part.

@ If this quantity is different to zero, when we parallel transport a vector,
not only its norm changes but also its angle.

o ltis invariant under shears transformations.
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The traceless part of nonmetricity and shears

o Recall that the complete nonmetricity is Q. = g Wx + &, Where
&, being its traceless part.

@ If this quantity is different to zero, when we parallel transport a vector,
not only its norm changes but also its angle.

o ltis invariant under shears transformations.

@ Shears: Deformations without changing the volume.
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The traceless part of nonmetricity and shears

o Recall that the complete nonmetricity is Q. = g Wx + &, Where
&, being its traceless part.

@ If this quantity is different to zero, when we parallel transport a vector,
not only its norm changes but also its angle.

@ ltis invariant under shears transformations.
@ Shears: Deformations without changing the volume.

@ Up to now, there were not exact solutions with shears in MAG.
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MAG theory with shears

o Let us first consider a simple model where torsion is not propagating
and the traceless part of nonmetricity is dynamical:

5= d*zy/=g|— R+ 2fiB 0y RO

16
+2f, (Ruw) - R(W)) (RW) — R(W))] 7
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MAG theory with shears

o Let us first consider a simple model where torsion is not propagating
and the traceless part of nonmetricity is dynamical:

+2f2 (R(W) - R(uu)) (R(W) _ R(#”)ﬂ :

@ As can be seen, the propagation of the nonmetricity field described in
the action is carried out by the symmetric part of the curvature tensor
and its symmetric contraction:

- = 1
R()\p) py = v[uQ,u] A + 5 7 ;WQG AP )

I > = A = A
Riuw) = By = V@ ox = VaQuun™ = @Y AQ(up + Qap(uQu) ™
A
+ T)\p(,uQ py) )

which in turn constitute deviations from the third Bianchi of GR.

Sebastian Bahamonde (*) Metric-affine and applications



Propagation of the traceless part

@ As can be seen, the propagation of the nonmetricity field described in
the action is carried out by the symmetric part of the curvature tensor
and its symmetric contraction:

. _ 1.
R(Ap) py = V[VQ/J.] A + 5 T /LVQO’ A )
Ry = By = V@ = VaQuuny™ = @Y 3Qup + @rp(u@u)
+ T)\p(uQApu) )

which in turn constitute deviations from the third Bianchi of GR.
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Spherical symmetry with nonmetricity and torsion

@ Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 + #8 + #12 = #22):

‘CEQﬂV = ,CgT)‘NV = ﬁgQaMV =0 = ﬂgR)\pw, =0
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Spherical symmetry with nonmetricity and torsion

@ Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 + #8 + #12 = #22):
,ngm, = ,CgT)‘m, = ,CgQ(w,, =0 = ‘C’ERAP#V =0
@ Nonmetricity now contains all the 12 dof:
Qe = C11(7‘) v Qur = (I2(7’) v Qur = Q3(7") )
Qtﬂﬁ = Qtapcp CS(32 Y= Q4(7’) ) Qrtt = (5 (T) ) err = QG(T> )
Qi = q7(7") , Qrov = Qrapgo csc? ) = qs (T) 5

Qﬂtﬁ = ngtgo csc? 4 = qg(r) , Qﬁrﬁ = Qapmp csc? ) = Q1o(7”) )
Qﬂtap = - Q<pt19 = q11 (’I") sind, Qﬂmp = - Qcpm? = {12 (T) sind,

whereas the metric and torsion are the same as before.
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How to find a solution with all of these dof?

@ We are only interested in the traceless part of Q.. (containing
shears), so that:
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How to find a solution with all of these dof?

@ We are only interested in the traceless part of Q.. (containing

shears), so that:
@ We eliminate the Weyl part of nonmetricity 1, = % Qv ¥ = 0 by setting

o) = T (20, war) + 204)
50) = L (2000 (r) + 2050)

Metric-affine and applications
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How to find a solution with all of these dof?

@ We are only interested in the traceless part of Q.. (containing
shears), so that:
@ We eliminate the Weyl part of nonmetricity 1, = % Qv ¥ = 0 by setting

o) = T (20, war) + 204)
50) = L (2000 (r) + 2050)

©Q We imposed N|,,j,, = 0 which is equivalent to T, = Quu)x:
— Shear transformations in the general linear group involves the part of
the anholonomic connection describing a shear current or charge to
take values in the symmetric traceless part of the Lie algebra.
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How to find a solution with all of these dof?

@ We are only interested in the traceless part of Q.. (containing
shears), so that:
@ We eliminate the Weyl part of nonmetricity W, = % Qv ¥ = 0 by setting

o) = T (20, war) + 204)
50) = L (2000 (r) + 2050)

©Q We imposed N|,,j,, = 0 which is equivalent to T, = Quu)x:
— Shear transformations in the general linear group involves the part of
the anholonomic connection describing a shear current or charge to
take values in the symmetric traceless part of the Lie algebra.

@ We demand the corresponding torsion and nonmetricity scalars of the
solution to be regular.
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How to find a solution with all of these dof?

@ We are only interested in the traceless part of Q.. (containing
shears), so that:
@ We eliminate the Weyl part of nonmetricity W, = % Qv ¥ = 0 by setting

\I/]_(’l‘)

) = N (2a0)wa0) + 2040r)
50) = L (2000 (r) + 2050)

©Q We imposed N|,,j,, = 0 which is equivalent to T, = Quu)x:
— Shear transformations in the general linear group involves the part of
the anholonomic connection describing a shear current or charge to
take values in the symmetric traceless part of the Lie algebra.

@ We demand the corresponding torsion and nonmetricity scalars of the
solution to be regular.

o After following these three steps we end up with 2 dof (metric)+ 5 dof
(torsion/nonmetricity) which is only 7 dof.
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New solution only with shears

@ By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
gives

om  2f1Kk> .
git = _]-/g?"r E‘I/(T') =1- T - f:«ZSh ) Wlthf2 = _f1/4'

where kg, is interpreted as a new charge, "shear charge”.
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New solution only with shears

@ By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
gives

2m  2fi1Kk%

git = — 1/97"7" = \I/(T) =1- T B r2 with f2 - _f1/4'

where kg, is interpreted as a new charge, "shear charge”.
o Kinetic part of the Lagrangian indicates that f; < 0
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Reissner-Nordstrom-like solutions with spin, dilation and shear charges

o After finding the shear part alone, we found a theory having the first
solution (with spin+dilation) plus the second (with only shears).
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Reissner-Nordstrom-like solutions with spin, dilation and shear charges

o After finding the shear part alone, we found a theory having the first
solution (with spin+dilation) plus the second (with only shears).

@ The action of the full model is

1

64

4 20s (R + Biy) (B9 + R1) 4 1843 Ry RO

5= [_ St — 6d1R/\[pW] il 9d1ﬁf/\[puu] el
_ 3d1R(/\p)NVR()\P)NV + 6d1R()\p)MVR(>\IL)PV +2 (261 _ fl) R)\ /\;pr ) %
+ Sf].é()\P),UJ/R(Ap)HU - 2f1 (é(p,y) - R('uy)) (R(HV) - é(p,l/))

+3(1 = 2a3) Tipuy T | d*ay/=g.
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Reissner-Nordstrom-like solutions with spin, dilation and shear charges

o After finding the shear part alone, we found a theory having the first
solution (with spin+dilation) plus the second (with only shears).

@ The action of the full model is

1

64

+ 2d; (R[;w] + R[;w]) (R[w/] + R[Mu]) + 18d1R>\[pm/]R(}‘p)”V

S = | 4R = 6d1 Ry RNP) — 90y Ry RF 7

= 3d1R(,\p)u,,R()‘p)“y + 6d1R()\p)m,R(>\“)pV +2(2e1 — f1) R* )\HURP o
+8f1R(np) RO — 21 (R(W) - R(W)) (RW) - RW))

+3(1 = 2a3) Tipuy T | d*ay/=g.

@ When traceless part of nonmetricity is zero, the above action
coincides with the first one.
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Complete solution of the full model

@ One can combine the two solutions for the complete model and also
trivially incorporate a cosmological constant and Coulomb
electromagnetic fields with electric and magnetic charges ¢. and ¢,,,,
which are decoupled from torsion under the assumption of the
minimal coupling principle. This natural extension is then described by
a Reissner-Nordstrom-de Sitter-like geometry

2m  dik2 —derk? —2fik% + 2 +¢2, A,
Ule) — 1=——d4— L

which turns out to represent the broadest family of static and
spherically symmetric black hole solutions obtained in MAG so
far.
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Complete solution of the full model

@ One can combine the two solutions for the complete model and also
trivially incorporate a cosmological constant and Coulomb
electromagnetic fields with electric and magnetic charges ¢. and ¢,,,,
which are decoupled from torsion under the assumption of the
minimal coupling principle. This natural extension is then described by
a Reissner-Nordstrom-de Sitter-like geometry

2m  dik2 —derk? —2fik% + 2 +¢2, A,
W)=t == — e T

which turns out to represent the broadest family of static and
spherically symmetric black hole solutions obtained in MAG so
far.

@ The solution has the 3 possible charges in MAG: spin x, dilation xq
and shear kg,.
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Overview of the Talk

e Cosmological perturbations in MAG
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
P;w = Guv +

which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
P;u/ = g;u/ + n,unl/a
which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.

@ Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

1

_ [e%1 «
o = P P X o

l

B1pn = X(Ml"'ﬂn) )
g — L — X Mibn — .. — X Mibn —
1oty b = = Xy PHHE = = Xy PFHE = 0.

1
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
Pp,u = g;u/ + n,unl/a
which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.

@ Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

1

_ [e%1 «
o = P P X o

l

B1pn = X(Ml"'ﬂn) )
¢ MK — L — X Mibn — .. — X Hibn —
Xppoopyogn PP = o= X PR — = X PRt — ()

@ One can then straightforwardly decompose scalar and vectors:

p=9¢, X,=X,-n.X..
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

LeGuy = LeT> 1 = LeQ = 0.
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

Egg,“, = ﬁgTA wv = ‘Cg@)\ w =0.

@ By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

g = —nynydet ®@da” + Pm,dx“ ®dz¥ = — N2dt @ dt + a27ijd:ci ®dz?
1?"” = 2T\ (t) ny Py + 2To(t) £7 4 pit”
Q)\[LV = 2Q1(t)ﬁ)\ﬁ/unu < 2Q2( )n)\P,uu i 2Q3( )PA [tnl/) )

where v;;dz’ @ dz? = 1_d§<2rz + r2dQ2. Note that there are 5 independent
functions coming from Post-Riemannian.
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

;ngl“, = ﬁgTA wv = CgQ)\ w =0.

@ By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

g = —-nun,drt @ds” + P, da @ dz¥ = — N2dt @ dt + azmjd:ci ®da?,
Ji“*w = 2T\ (t) ny Py + 2To(t) £7 4 pit”
Q)\[LV = 2Q1(t)7_7/)\ﬁunu < 2Q2( )n)\P,uu i 2Q3( )PA p,nl/) )

where v;;dz’ @ dz? = 1_d§<2r2 + r2dQ2. Note that there are 5 independent
functions coming from Post-Riemannian.

@ Our aim is to perform a 3 + 1+SVT-decomposition for all the tensors in MAG
up to linear perturbations to then write:

guuzguu+59uV7 T)\}LV:T)\;LV+6T)\/LV7 Q)‘/WZQ_)\;W‘F(SQA;W~
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

@ So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

@ So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.

@ The majority of these studies predominantly focus on torsion.
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

@ So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.

@ The majority of these studies predominantly focus on torsion.

@ Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

@ So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.

@ The majority of these studies predominantly focus on torsion.

@ Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.

@ Dark energy can be explained by the scalar modes of torsion.
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

@ So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.

@ The majority of these studies predominantly focus on torsion.

@ Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.

@ Dark energy can be explained by the scalar modes of torsion.

@ It is possible to find inflationary models such as Einstein-Cartan
couple to Higgs or other more complicated ones which are compatible
with observations.
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3 + 1 decomposition for FLRW - metric sector

@ A symmetric rank-2 tensor (as the metric) can be easily decomposed
as 1 tensor, 1 vector and 2 scalars:

]. — —
X(l“/) = n”n,,X** + gpl“’X*** + X/v”’ — 2n(MX*V) .
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3 + 1 decomposition for FLRW - metric sector

@ A symmetric rank-2 tensor (as the metric) can be easily decomposed
as 1 tensor, 1 vector and 2 scalars:

Xy = npny Xox + %PWX*** + X — 2"(#*)?*1/) :
@ Then, the metric perturbation can be decomposed as
Gy = — Fpfiy@ + PuyC + by — 27,5,
in such a way that the full metric tensor is then given by

_ —N2(1+a) alNG;
G + 09 = G = = - .
8 e ( alNf; a®[(1+¢) 7ij + hij]
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3 + 1 decomposition for FLRW - Torsion sector

@ The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be
decomposed as

T, :fu_”u¢v

Sy =§M —nuo,

= 1 - 1 - 1 =
tuvp = 20, Ap)y + 2(nlm[u + EPH[V)BP] + Efvpaﬂ [_ naAgy + (nﬂn# + EPBN)BQ] ;
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3 + 1 decomposition for FLRW - Torsion sector

@ The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be

decomposed as

T, :fu—nuqb,

Sy =‘§u —nuo,

= 1 - 1 - 1 =
tuvp = 20, Ap)y + 2("#”[1/ + §PH[V)Bp] + QEVPaﬂ [_ naAgy + (nﬂn# + EPBN)BQ] ;

@ Then, torsion is decomposed as

Ty = TRy b G g =

TOg; = — %(ﬁ- +38,)

2
a — —
; P 1s g 1, - 3
Tloj = —NI:AZ]' — gtslj (¢+ ¢) +* gé‘z]'k(sk — 5 %)]

where we have introduced the background T; in the scalars ¢, o.
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3 + 1 decomposition for FLRW - Nonmetricity sector

@ The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be
decomposed as

W, =W, —n,b,
Ay =R, —npib,
. 1 L1 - 1. \vo
Qv = 211, O+ 2(mumg, + 5P,L[,,)yp] + o™ [~ naGsu + (npmy + 5Pg#)Ya] :

~ . 3 .
Quvp = Cuvp = 3n(uRyp) + g(5n(u"” + P(MV)ZP) - (n(unV + P(iw) np)€-
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3 + 1 decomposition for FLRW - Nonmetricity sector

@ The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be
decomposed as

Wy =Wy —nub,
Ay =R, —npib,

—

Quvp = 200 Lol + 2(”#”[1/ + %PN[V)J_};)] + %&IPQB [_ na@ﬂu + (nﬂnu + %PBM)?O‘] )

~ . 3 .
Quvp = Cuvp = 3n(uRyp) + 3(571(”71,, + P(MV)ZP) - (n(unV + P(W) np)€-

©

Then, nonmetricity is decomposed as

Qooo = = N[F+6+ > (5 +v) - (€+9)]
NZ2a 1 =
Qooi = — 5 (Aifg i*QZi)
2
Qm‘j=—N%{Qij—3ﬁij—3[§+9—i(@+¢)+§(§_+f)]%’j}

- 2 (2 1o 1o o
Qioo = —N2 a(Wi - ZAi e gyi _ Zi)
N _ B . )
Qioj = ——{[@ig +6Rij + (3 (B + ) +2 (€ +)is] -3e134 7" }

- 1. . 1 . . 3 . 2 =
Qijrk = a3{Cijk + Z(4Wi —Ri)vik + Vi Ary — E(ijYi =i Yr)) + FRCED RS

where we have introduced the background Q; in the scalars 6,1, &.
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Summary of modes

@ We can group the modes as:

55{ = {a7<7 ¢7 Qa 97 ¢7€}7

0X; = {6, T;, S, Bi, B, Wi, A, Vi, Vi, Z3}
0Xy; = {hij, Aij, Aij, Qij, Oij, Rij} »
Xz = {Cujn} -
where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.
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Summary of modes

@ We can group the modes as:

55{ = {a7<7 ¢7 Qa 97 ¢7€}7

65{7: = {g’iaﬁa‘iaB'ivgi’wivxivﬁ’j’i’zi}7
6Xi; = {hij, Aij, Aij, @iz, Qi R}
6Xije = {Cijr} -

where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.

@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components
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Summary of modes

@ We can group the modes as:
0X = {a,¢,6,0,0,9,},

65{7: = {giaﬁa‘iaEiygi’wiyxivﬁ’j’i’zi}7
6Xi; = {hij, Aij, Aij, @iz, Qi R}
6Xije = {Cijr} -

where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.

@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components

@ The 40 dof of the nonmetricity perturbations are split as
14+3+6+3+9+ 18 dof.
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Summary of modes

@ We can group the modes as:

0X = {a, ¢, ¢, 0,09, €},
65{1‘ = {/B;? T"iv ‘S_’;a B"L'v gi’ Wiy K’h )_/"i’ 3_};’ Z"L} )
6Xije = {Cijr} -

where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent

components, respectively.
@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof

among the above components
@ The 40 dof of the nonmetricity perturbations are split as

14+3+6+3+9+18 dof.
Spin and Parity ot [o— | 1t 1- 2t 2= | 3~
o | Metric sector g, ¢ | - | - ] 1 }zij - -
Torsion sector 7%, 1) o | Si,B; T;, B; Aij A | -
Nonmetricity sector Q,,, | 6,¢,¢ | - Vi | Wi, K, Y, Zi | Gij, R | Qi | Cign

Table: Species in MAG. k. Aoki, S. Bahamonde, J. Gigante Valcarcel and M. A. Gorji, “Cosmological
Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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Helicity (SVT) decomposition

@ After the 3 + 1 decomposition, we only need to deal with the spatial scalar
and tensors with Latin indices belonging to the maximally symmetric space
vi; (and with the “external” parameter t).
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Helicity (SVT) decomposition

@ After the 3 + 1 decomposition, we only need to deal with the spatial scalar
and tensors with Latin indices belonging to the maximally symmetric space
vi; (and with the “external” parameter t).

@ Let us decompose them into different helicity sectors:

6X; =D;8 + v,

T)

2 1 52 ( (TT)
qu,'j = (D(ZDJ) — g’YijD )S ar D(ZV]) + Tij 9

. 1 1
65 = [D(iDjDk) ~ 7D (3D% + 4K)] S+ [D(iDj — e (B 2K)]V,Sf) +DT "

Here, the superscript “(T)” refers that the quantity is transverse, while the tensors denoted by
the superscript “(T'T)” are transverse-traceless and symmetric:

Divi" =0,
irp(TT) _ (T i _ (TT) _ p(TT)
DT D =T Dy¥ =0, TGO =T4,
i (TT) _ (TT) 45 (TT) _ (TT)
D'TT" =TT =0, TT(" =TT
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SVT decomposition around FRW

@ Thereby, the 10 dof described by the metric perturbations are split in
terms of four scalars {«, 3, (, h} (1 dof each), two transverse vectors

{ﬁi(T), hl(.T)} (2 dof each), and one symmetric and transverse-traceless
tensor hz(-jTT) (2 dof).
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SVT decomposition around FRW

@ Thereby, the 10 dof described by the metric perturbations are split in
terms of four scalars {«, 3, (, h} (1 dof each), two transverse vectors
{ﬁi(T), hl(.T)} (2 dof each), and one symmetric and transverse-traceless
tensor hz(.jTT) (2 dof).

SVT Quantities dof Total dof
5 scalars {T, B, ¢, A, o} 1 dof each 5
3 pseudoscalars {S8,B, A} 1 dof each 3
o | 3 vectors {T(T) B(T) A(T)} 2 dof each 6
3 pseudovectors {S; (T) B .A(T)} 2 dof each 6
1 rank-2 tensor {A(TT)} 2 dof each 2
1 rank-2 pseudotensor {.AZ(-;-PT)} 2 dof each 2

Table: Perturbation spectrum for the torsion tensor.k. Acki, s. Bahamonde, J. Gigante
Valcarcel and M. A. Goriji, “Cosmological Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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SVT decomposition around FRW

SVT Quantities dof Total dof
10 scalars {0,9,6,\.Y, Z,k,Q,W,C} 1 dof each 10
2 pseudoscalars {y,9} 1 dof each 2
° 7 vectors {A(T)i, Y@, zM, ™, D, W, C'(T)Z-} 2 dof each 14
2 pseudovectors {y<T>i, Q(T)i} 2 dof each 4
3 rank-2 tensor {H(TT)U, QT i =D sill 2 dof each 6
1 rank-2 pseudotensor {0} 2 dof each 2
1 rank-3 tensor {CTTD) ) 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.
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SVT decomposition around FRW

SVT Quantities dof Total dof
10 scalars {0,9,6,\.Y, Z,k,Q,W,C} 1 dof each 10
2 pseudoscalars {y,9} 1 dof each 2
° 7 vectors {A(T),-, Y@, zM, ™, D, W, C(T)i} 2 dof each 14
2 pseudovectors VM, oM} 2 dof each 4
3 rank-2 tensor {H(TT)U, Q(TT)U, C(TT)i]-} 2 dof each 6
1 rank-2 pseudotensor {0} 2 dof each 2
1 rank-3 tensor {CTTD) ) 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.

@ Note that the spin-3 carries a helicity-3 part and sice the metric does
not have such terms, it totally decouples from the other modes in
FLRW.
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Dynamics of metric-affine geometry

@ General quadratic parity preserving action with dynamical torsion and
nonmetricity:

5= [dsv=g {Lm b o [ R+ @B R R 4 s g RO
+ a1 R puw R* ™ + a5 R pp RMY + a6 R pw R* + a7 R R*M”
= GSRWRW a4 GQRWRW a4 alORuuRw/ a4 allRuuRW a4 a12RuuRw/
= alsépuéw + a R A;.WRP e a5 R AWRW + ais R AWR’W
+ 01T T + b T T + 0T 0 T 7 + a1 Tan QY
+ T 5, Q" ut esT? Q" uw+ d1QAWQ)‘W + szA,wQMV

FdsQ Q" LY+ daQu 2 Q4 + dsQ A Q7 #] } .
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ Contribution of the spin-3 field (helicity-3 part) around flat FRW up to
second order for the most general parity-preserving quadratic MAG
action:

5 2 1 2 4 q .
@ = L [adsael® [@gp) — L (DIOED)? + Ay, 0T DI TR
e G’
= 2 Z /dt d®k @ g(c) [C(A)] - [w (A)]2[C(A)]2
167 4,57 (2m)3 “Ck ’

where [wc IB=E gt mg, .q and

1
Q(C) Z(Qag + 2a3 + a5 + ag + ay) .
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ Contribution of the spin-3 field (helicity-3 part) around flat FRW up to
second order for the most general parity-preserving quadratic MAG
action:

5 2 1 2 4 q .
@ = L [adsael® [(cgp) — L (DIOED)? + Ay, 0T DI TR
e G’
= 2 Z /dt d®k @ g(c) [C(A)] - [w (A)]2[C(A)]2
167 5T g (2m)3 “Ck ’

where [ng‘,gp =5 — ATk +m 4 and

1
Q(C) Z(Qag + 2a3 + a5 + ag + ay) .

@ Field equation of the spin-3 field around flat FRW:

EM 4 3HCW 4 [w (A)] o) — j(A)
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term
Tyeij,uC T, DICEDEM o\ Tok[C]? (momentum space)

which originates from the covariant interaction q,,¢”™ S“V*q,..
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term
Tyeij,uC T, DICEDEM o\ Tok[C]? (momentum space)

which originates from the covariant interaction aauAquT”SO‘V“q,,TA.

@ Recallthat A\ = —1 and Ar = + 1 so this term yields different
contributions to the L and R modes.

Sebastian Bahamonde (*) Metric-affine and applications



Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term
Tyeij,uC T, DICEDEM o\ Tok[C]? (momentum space)

which originates from the covariant interaction aauAﬂqPT”SaV“qpﬂ.

@ Recallthat A\, = — 1 and Ar = + 1 so this term yields different
contributions to the L and R modes.

@ While the original gravitational action is parity-preserving, the
background evolution of the universe breaks the time reflection
symmetry and then S° oc T, # 0 spontaneously breaks the parity
invariance of the perturbations, i.e. the left-handed and right-handed

modes of Cl.(ﬁT) obey different equations of motion.
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term

*

Tyeij,uC T, DICEDEM o\ Tok[C]? (momentum space)

which originates from the covariant interaction aauAﬂqPT”SaV“qu.

Recall that A\;, = — 1 and Ar = + 1 so this term yields different
contributions to the L and R modes.

While the original gravitational action is parity-preserving, the
background evolution of the universe breaks the time reflection
symmetry and then S° oc T, # 0 spontaneously breaks the parity
invariance of the perturbations, i.e. the left-handed and right-handed
modes of Cl.(ﬁT) obey different equations of motion.

Note that if the background function 75 # 0, we will always have such
terms.
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Main results

@ We found the first spherically symmetric solutions in MAG with
dynamical torsion and nonmetricity. First with the Weyl and then with
the traceless part of nonmetricity.
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Main results

@ We found the first spherically symmetric solutions in MAG with
dynamical torsion and nonmetricity. First with the Weyl and then with
the traceless part of nonmetricity.

@ Another direction is to study cosmology: there are many new fields
in MAG and the cosmological perturbation theory was remained
unexplored in the literature.
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Main results

@ We found the first spherically symmetric solutions in MAG with
dynamical torsion and nonmetricity. First with the Weyl and then with
the traceless part of nonmetricity.

@ Another direction is to study cosmology: there are many new fields
in MAG and the cosmological perturbation theory was remained
unexplored in the literature.

@ We have derived all the possible cosmological perturbations arising
from MAG, by performing 3+1 and SVT decompositions over the
metric, torsion and nonmetricity tensors.
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What do to next?

@ Further understand the role of dynamical modes and ghosts.
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What do to next?

@ Further understand the role of dynamical modes and ghosts.

@ Cosmology of the complete model: from inflation to dark energy -
using perturbation theory. spin-3 field? dark matter?

@ New possible gravitational wave effects? primordial black holes in
MAG? stochastic GW?

@ Perturbations of BH solutions: are they stable? quasinormal
modes? Love Numbers?

@ What is the role of dilations/shears in particle physics?

@ Some possible new quantum gravity theories with torsion and
nonmetricity?
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