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Post-Riemannian decomposition

In the most general metric-affine setting, the fundamental variables
are a metric gµν (10 comp.) as well as the coefficients Γ̃ρµν (64
comp.) of an affine connection.

The most general connection can be written as

Connection decomposition

Γ̃λ µν =

Levi-Civita︷ ︸︸ ︷
Γλ µν

+

Torsion part︷ ︸︸ ︷
1

2
T λ µν − T(µ

λ
ν) +

Nonmetricity part︷ ︸︸ ︷
1

2
Qλ µν −Q(µ

λ
ν)

Further, we can write

Γ̃λ µν = Γλ µν +Kλ
µν + Lλ µν = Γλ µν +Nλ

µν

R̃λ ρµν = Rλ ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ
ρ|ν] .
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor:

Tλ µν =
1

3

(
δλ νTµ − δλ µTν

)
+

1

6
ελ ρµνS

ρ + tλ µν .

Vector part Tµ = Tλµλ,
Axial vector part Sµ = εµνρσT

νσρ (only this part couple with spin-1/2 fields),
Tensor part tλ µν = Tλ µν − 1

3

(
δλ νTµ − δλ µTν

)
− 1

6
ελ ρµνS

ρ.

Irreducible decomposition of the nonmetricity tensor:

Qλµν = gµνWλ +↗Qλµν ,

↗Qλµν =
1

2
(gλµΛν + gλνΛµ)−

1

4
gµνΛλ +

1

3
ελρσ(µΩν)

ρσ + qλµν .

Weyl vector Wµ = 1
4
Qµν

ν ,
Second vector part Λµ = 4

9
(Qν

µν −Wµ),
First tensor part Ωλ µν = −

[
εµνρσQρσλ + εµνρ λ

(
3
4
Λρ −Wρ

)]
,

Second tensor part qλµν = Q(λµν) − g(µνWλ) − 3
4
g(µνΛλ).
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Figure: Classification of metric-affine geometries - Cube (S. Bahamonde, K. F. Dialektopoulos,
C. Escamilla-Rivera, G. Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi Said, J. Mifsud and E. Di Valentino,
“Teleparallel gravity: from theory to cosmology,” Rept. Prog. Phys. 86 (2023) no.2, 026901.)
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MAG models with dynamical torsion and nonmetricity (Weyl only)

Quadratic gravitational action with dynamical torsion and
nonmetricity in Weyl-Cartan geometry (Qλµν = gµνWλ and
↗Qλµν = 0)

S =

∫
d4x

√
−g

{
Lm +

1

64π

[
− 4R− 6d1R̃λ[ρµν]R̃

λ[ρµν]

− 9d1R̃λ[ρµν]R̃
µ[λνρ] + 8 d1R̃[µν]R̃

[µν] +
1

8
(32e1 + 8e2 + 17d1) R̃

λ
λµνR̃

ρ
ρ
µν

− 7d1R̃[µν]R̃
λ
λ
µν + 3 (1− 2a2)T[λµν]T

[λµν]
]}

.

If T λ µν = Qλµν = 0 we recover GR, and the field strength tensors
are related to the Bianchi identities.
Absence of a general Birkhoff’s theorem in MAG: new spherically
and axially symmetric vacuum solutions with independent dynamical
torsion and nonmetricity fields1,2

1
S. Bahamonde and J. G. Valcarcel, JCAP 09, 057 (2020).

2
S. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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Spherical symmetry

Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 +#8 +#2 = #12):

Lξgµν = LξT λµν = LξWµ = 0 =⇒ LξR̃λρµν = 0

By solving these equations we find that torsion and nonmetricity
behave as

T t
tr = a(r) , T r

tr = b(r) , T θk
tθk = f(r) , T θk

rθk = g(r)

T θk
tθl = eaθk eb θl ϵab d(r) , T θk

rθl = eaθk eb θl ϵab h(r) ,

T t
θkθl = ϵkl k(r) sin θ1 , T r

θkθl = ϵkl l(r) sin θ1 ,

Wλ = (w1(r), w2(r), 0, 0) ,

whereas the metric is in the standard spherically symmetric form:

ds2 = Ψ1(r) dt
2 − dr2

Ψ2(r)
− r2

(
dθ21 + sin2 θ1dθ

2
2

)
.

Here, ϵkl is the Levi-Civita symbol in two dimensions.
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Resolution of the field equations - solution with spin and dilation

Reissner-Nordström solution with spin and dilation charges:

gtt = − 1/grr ≡ Ψ(r) = 1− 2m

r
+
d1κ

2
s − 4e1κ

2
d

r2
.

Kinetic part of the Lagrangian:

16πLkin =
d1
2

[
1

9
F (S̄)
µν F (S̄)µν + ∂λt̄

λ
µν∂ρt̄

ρµν + 3 ∂ρt̄λµν
(
∂ρt̄µνλ − ∂µt̄λνρ

)]
+ 4e1F

(W )
µν F (W )µν

Ghost-free conditions for torsion and nonmetricity:

d1 ≤ 0 , e1 ≤ 0 .

Absence of the inner pathological Cauchy horizon in the
Reissner-Nordström geometry if

d1κ
2
s − 4e1κ

2
d,e ≤ 0 , Ψ(r) = 1− 2m

r
−

|d1κ2s − 4e1κ
2
d,e|

r2
.
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What do these charges represent?

Torsion part:

1 Intrinsic spin generates gravitation. This effect does not exist in GR.

2 We know that the spin is a fundamental property of particles. Since
their masses contribute to gravity, why their spin do not?

3 The solution is in vacuum and a charge κs appears (spin charge).
Analogue to the case of Schwarzschild where the mass M appears.

4 We expect that the spin charge might be important in certain
astrophysical scenarios such as: highly mangnetized neutron stars;
supermassive black holes with endowed spin.
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What do these charges represent?

Nonmetricity part - only Weyl:

1 Intrinsic dilations generates gravitation. This effect does not exist in GR.

2 dilation: deformation that involves only change of volume (in this case,
intrinsic dilation!)

3 Weyl part of nonmetricity is ”scale invariant”

4 Do all particles in nature have different dilations? is this property
important in particle physics?
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The traceless part of nonmetricity and shears

Recall that the complete nonmetricity is Qλµν = gµνWλ +↗Qλµν , where
↗Qλµν being its traceless part.

If this quantity is different to zero, when we parallel transport a vector,
not only its norm changes but also its angle.

It is invariant under shears transformations.

Shears: Deformations without changing the volume.

Up to now, there were not exact solutions with shears in MAG.
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MAG theory with shears

Let us first consider a simple model where torsion is not propagating
and the traceless part of nonmetricity is dynamical:

S =
1

16π

∫
d4x

√−g
[
−R+ 2f1R̃(λρ)µνR̃

(λρ)µν

+ 2f2

(
R̃(µν) − R̂(µν)

)(
R̃(µν) − R̂(µν)

)]
,

As can be seen, the propagation of the nonmetricity field described in
the action is carried out by the symmetric part of the curvature tensor
and its symmetric contraction:

R̃(λρ)
µν = ∇̃[νQµ]

λρ +
1

2
T σ µνQσ

λρ ,

R̃(µν) − R̂(µν) = ∇̃(µQ
λ
ν)λ − ∇̃λQ(µν)

λ −Qλρ λQ(µν)ρ +Qλρ(µQν)
λρ

+ Tλρ(µQ
λρ
ν) ,

which in turn constitute deviations from the third Bianchi of GR.
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Spherical symmetry with nonmetricity and torsion

Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 +#8 +#12 = #22):

Lξgµν = LξT λµν = LξQαµν = 0 =⇒ LξR̃λρµν = 0

Nonmetricity now contains all the 12 dof:

Qttt = q1(r) , Qtrr = q2(r) , Qttr = q3(r) ,

Qtϑϑ = Qtφφ csc2 ϑ = q4(r) , Qrtt = q5(r) , Qrrr = q6(r) ,

Qrtr = q7(r) , Qrϑϑ = Qrφφ csc2 ϑ = q8(r) ,

Qϑtϑ = Qφtφ csc2 ϑ = q9(r) , Qϑrϑ = Qφrφ csc2 ϑ = q10(r) ,

Qϑtφ = −Qφtϑ = q11(r) sinϑ , Qϑrφ = −Qφrϑ = q12(r) sinϑ ,

whereas the metric and torsion are the same as before.
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How to find a solution with all of these dof?

We are only interested in the traceless part of Qαµν (containing
shears), so that:

1 We eliminate the Weyl part of nonmetricity Wµ = 1
4 Qµν

ν = 0 by setting

q1(r) =
Ψ1(r)

r2
(
r2q2(r)Ψ2(r) + 2q4(r)

)
,

q5(r) =
Ψ1(r)

r2
(
r2q6(r)Ψ2(r) + 2q8(r)

)
.

2 We imposed N[λρ]µ = 0 which is equivalent to Tλµν = Q[µν]λ:
→ Shear transformations in the general linear group involves the part of
the anholonomic connection describing a shear current or charge to
take values in the symmetric traceless part of the Lie algebra.

3 We demand the corresponding torsion and nonmetricity scalars of the
solution to be regular.

After following these three steps we end up with 2 dof (metric)+ 5 dof
(torsion/nonmetricity) which is only 7 dof.
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New solution only with shears

By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
gives

gtt = − 1/grr ≡ Ψ(r) = 1− 2m

r
− 2f1κ

2
sh

r2
, with f2 = − f1/4.

where κsh is interpreted as a new charge, ”shear charge”.

Kinetic part of the Lagrangian indicates that f1 ≤ 0
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Reissner-Nordström-like solutions with spin, dilation and shear charges

After finding the shear part alone, we found a theory having the first
solution (with spin+dilation) plus the second (with only shears).

The action of the full model is

S =
1

64π

∫ [
− 4R− 6d1R̃λ[ρµν]R̃

λ[ρµν] − 9d1R̃λ[ρµν]R̃
µ[λνρ]

+ 2d1

(
R̃[µν] + R̂[µν]

)(
R̃[µν] + R̂[µν]

)
+ 18d1R̃λ[ρµν]R̃

(λρ)µν

− 3d1R̃(λρ)µνR̃
(λρ)µν + 6d1R̃(λρ)µνR̃

(λµ)ρν + 2 (2e1 − f1) R̃
λ
λµνR̃

ρ
ρ
µν

+ 8f1R̃(λρ)µνR̃
(λρ)µν − 2f1

(
R̃(µν) − R̂(µν)

)(
R̃(µν) − R̂(µν)

)
+ 3 (1− 2a2)T[λµν]T

[λµν]
]
d4x

√−g .

When traceless part of nonmetricity is zero, the above action
coincides with the first one.
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Complete solution of the full model

One can combine the two solutions for the complete model and also
trivially incorporate a cosmological constant and Coulomb
electromagnetic fields with electric and magnetic charges qe and qm,
which are decoupled from torsion under the assumption of the
minimal coupling principle. This natural extension is then described by
a Reissner-Nordström-de Sitter-like geometry

Ψ(r) = 1− 2m

r
+
d1κ

2
s − 4e1κ

2
d − 2f1κ

2
sh + q2e + q2m

r2
+

Λ

3
r2 ,

which turns out to represent the broadest family of static and
spherically symmetric black hole solutions obtained in MAG so
far.

The solution has the 3 possible charges in MAG: spin κs, dilation κd
and shear κsh.
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Overview of the Talk

1 Introduction to Metric-affine gravity

2 Metric-Affine gravity
Basic geometrical quantities

3 MAG models with dynamical torsion and nonmetricity (Weyl only)
Spherically symmetry in Weyl-Cartan geometry

4 Cosmological perturbations in MAG
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3 + 1 decomposition - settling notation

Let us first introduce a projector tensor

Pµν ≡ gµν + nµnν ,

which is orthogonal (Pµνnµ = 0) to a timelike vector nµ satisfying
nµn

µ = − 1.

Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

X⃗µ1···µn ≡ Pµ1
α1 · · ·PµnαnXα1···αn ,

X⃗µ1···µn = X⃗(µ1···µn) ,

X⃗µ1···µi···µnP
µ1µi = · · · = X⃗µ1···µi···µnP

µ1µn = · · · = X⃗µ1···µi···µnP
µiµn = 0 .

One can then straightforwardly decompose scalar and vectors:

ϕ = ϕ , Xµ = X⃗µ − nµX∗ .
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Cosmology in MAG

Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

Lξ ḡµν = LξT̄
λ
µν = LξQ̄

λ
µν = 0 .

By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

ḡ = −n̄µn̄νdxµ ⊗ dxν + P̄µνdx
µ ⊗ dxν = −N2dt⊗ dt+ a2γijdx

i ⊗ dxj ,

T̄λ
µν = 2T1(t) n̄[µP̄ν]

λ + 2T2(t) ε̄
λ
µνρn̄

ρ ,

Q̄λµν = 2Q1(t)n̄λn̄µn̄ν + 2Q2(t)n̄λP̄µν + 2Q3(t)P̄λ(µn̄ν) ,

where γijdxi ⊗ dxj = dr2

1−Kr2 + r2dΩ2. Note that there are 5 independent
functions coming from Post-Riemannian.
Our aim is to perform a 3 + 1+SVT-decomposition for all the tensors in MAG
up to linear perturbations to then write:

gµν = ḡµν + δgµν , T̄λ
µν = T̄λ

µν + δTλ
µν , Q̄λ

µν = Q̄λ
µν + δQλ

µν .
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Cosmology in MAG - very short discussion

Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.
The majority of these studies predominantly focus on torsion.
Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.
Dark energy can be explained by the scalar modes of torsion.
It is possible to find inflationary models such as Einstein-Cartan
couple to Higgs or other more complicated ones which are compatible
with observations.
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3 + 1 decomposition for FLRW - metric sector

A symmetric rank-2 tensor (as the metric) can be easily decomposed
as 1 tensor, 1 vector and 2 scalars:

X(µν) = nµnνX∗∗ +
1

3
PµνX∗∗∗ + X⃗µν − 2n(µX⃗∗ν) .

Then, the metric perturbation can be decomposed as

δgµν = − n̄µn̄να+ P̄µνζ + h⃗µν − 2n̄(µβ⃗ν) ,

in such a way that the full metric tensor is then given by

ḡµν + δgµν = gµν =

(
−N2 (1 + α) aNβ⃗i

aNβ⃗j a2
[
(1 + ζ) γij + h⃗ij

]) .
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3 + 1 decomposition for FLRW - Torsion sector

The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be
decomposed as

Tµ = T⃗µ − nµϕ ,

Sµ = S⃗µ − nµϱ ,

tµνρ = 2n[νA⃗ρ]µ + 2
(
nµn[ν +

1

2
Pµ[ν

)
B⃗ρ] +

1

2
ενρ

αβ
[
−nαA⃗βµ +

(
nβnµ +

1

2
Pβµ

)
B⃗α

]
.

Then, torsion is decomposed as

Tλµν = T̄λµν + δTλµν =



T 0
0i = −

a

3

(
T⃗i + 3B⃗i

)
T 0

ij = −
a2

6N
εijk

(
S⃗k + 3B⃗k

)
T i0j = −N

[
A⃗ i

j −
1

3
δi j

(
ϕ̄+ ϕ

)
+

1

6
εijk

(
S⃗k −

3

2
B⃗k

)]
T ijk = −

a

6

{
4δi [j T⃗k] − 6δi[jB⃗k] +

[
3εjklA⃗il − εi jk (ϱ̄+ ϱ)

]}
,

where we have introduced the background Ti in the scalars ϕ, ϱ.
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3 + 1 decomposition for FLRW - Nonmetricity sector
The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be
decomposed as

Wµ = W⃗µ − nµθ ,

Λµ = Λ⃗µ − nµψ ,

Ωµνρ = 2n[νQ⃗ρ]µ + 2
(
nµn[ν +

1

2
Pµ[ν

)
Y⃗ρ] +

1

2
ενρ

αβ
[
−nαQ⃗βµ +

(
nβnµ +

1

2
Pβµ

)
Y⃗α

]
,

qµνρ = C⃗µνρ − 3n(µκ⃗νρ) +
3

5

(
5n(µnν + P(µν

)
Z⃗ρ) −

(
n(µnν + P(µν

)
nρ)ξ .

Then, nonmetricity is decomposed as

Q
λ
µν =



Q000 = −N
3
[
θ̄ + θ +

3

4

(
ψ̄ + ψ

)
−

(
ξ̄ + ξ

)]
Q00i = −

N2a

2

(
Λ⃗i −

1

3
Y⃗i − 2Z⃗i

)
Q0ij = −

Na2

3

{
Q⃗ij − 3κ⃗ij − 3

[
θ̄ + θ −

1

4

(
ψ̄ + ψ

)
+

1

3

(
ξ̄ + ξ

)]
γij

}
Qi00 = −N

2
a
(
W⃗i −

1

4
Λ⃗i +

1

3
Y⃗i − Z⃗i

)
Qi0j =

Na2

6

{[
Q⃗ij + 6κ⃗ij +

(
3
(
ψ̄ + ψ

)
+ 2

(
ξ̄ + ξ

))
γij

]
−3εijkY⃗

k
}

Qijk = a
3
{
C⃗ijk +

1

4

(
4W⃗i − Λ⃗i

)
γjk + γi(j Λ⃗k) −

1

6

(
γjkY⃗i − γi(j Y⃗k)

)
+

3

5
γ(ij Z⃗k) +

2

3
εli(jQ⃗

l
k)

}

.

where we have introduced the background Qi in the scalars θ, ψ, ξ.
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2

3
εli(jQ⃗

l
k)

}

.

where we have introduced the background Qi in the scalars θ, ψ, ξ.
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Summary of modes
We can group the modes as:

δX⃗ = {α, ζ, ϕ, ϱ, θ, ψ, ξ} ,
δX⃗i = {β⃗i, T⃗i, S⃗i, B⃗i, B⃗i, W⃗i, Λ⃗i, Y⃗i, Y⃗i, Z⃗i} ,
δX⃗ij = {h⃗ij , A⃗ij , A⃗ij , Q⃗ij , Q⃗ij , κ⃗ij} ,
δX⃗ijk = {C⃗ijk} .

where each element of δX⃗i, δX⃗ij and δX⃗ijk have 3, 5 and 7 independent
components, respectively.

The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components
The 40 dof of the nonmetricity perturbations are split as
1 + 3 + 6 + 3 + 9 + 18 dof.

Spin and Parity 0+ 0− 1+ 1− 2+ 2− 3−

Metric sector gµν α, ζ - - β⃗i h⃗ij - -
Torsion sector T λµν ϕ ϱ S⃗i, B⃗i T⃗i, B⃗i A⃗ij A⃗ij -
Nonmetricity sector Qλµν θ, ψ, ξ - Y⃗i W⃗i, Λ⃗i, Y⃗i, Z⃗i Q⃗ij , κ⃗ij Q⃗ij C⃗ijk

Table: Species in MAG. K. Aoki, S. Bahamonde, J. Gigante Valcarcel and M. A. Gorji, “Cosmological
Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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Helicity (SVT) decomposition

After the 3 + 1 decomposition, we only need to deal with the spatial scalar
and tensors with Latin indices belonging to the maximally symmetric space
γij (and with the “external” parameter t).

Let us decompose them into different helicity sectors:

δX⃗i = DiS+V
(T)
i ,

δX⃗ij =
(
D(iDj) −

1

3
γijD

2
)
S+D(iV

(T)
j)

+T
(TT)
ij ,

δX⃗ijk =
[
D(iDjDk) −

1

5
γ(ijDk)

(
3D2 + 4K

)]
S+

[
D(iDj −

1

5
γ(ij

(
D2 + 2K

)]
V

(T)
k)

+D(iT
(TT)
jk)

+TT
(TT)
ijk .

Here, the superscript “(T)” refers that the quantity is transverse, while the tensors denoted by
the superscript “(TT)” are transverse-traceless and symmetric:

DiV
(T)
i = 0 ,

DiT
(TT)
ij = T

(TT)
ij γij = 0 , T

(TT)
ij = T

(TT)
(ij) ,

DiTT
(TT)
ijk = TT

(TT)
ijk γij = 0 , TT

(TT)
ijk = TT

(TT)
(ijk) .
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SVT decomposition around FRW

Thereby, the 10 dof described by the metric perturbations are split in
terms of four scalars {α, β, ζ, h} (1 dof each), two transverse vectors
{β(T)

i , h
(T)
i } (2 dof each), and one symmetric and transverse-traceless

tensor h(TT)
ij (2 dof).

SVT Quantities dof Total dof
5 scalars {T,B, ϕ,A, ϱ} 1 dof each 5
3 pseudoscalars {S,B,A} 1 dof each 3
3 vectors {T (T)

i , B
(T)
i , A

(T)
i } 2 dof each 6

3 pseudovectors {S(T)
i ,B(T)

i ,A(T)
i } 2 dof each 6

1 rank-2 tensor {A(TT)
ij } 2 dof each 2

1 rank-2 pseudotensor {A(TT)
ij } 2 dof each 2

Table: Perturbation spectrum for the torsion tensor.K. Aoki, S. Bahamonde, J. Gigante
Valcarcel and M. A. Gorji, “Cosmological Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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SVT decomposition around FRW

SVT Quantities dof Total dof
10 scalars {θ, ψ, ξ,Λ, Y, Z, κ,Q,W,C} 1 dof each 10
2 pseudoscalars {Y,Q} 1 dof each 2
7 vectors {Λ(T)

i, Y
(T)

i, Z
(T)

i, κ
(T)

i, Q
(T)

i,W
(T)

i, C
(T)

i} 2 dof each 14
2 pseudovectors {Y(T)

i,Q(T)
i} 2 dof each 4

3 rank-2 tensor {κ(TT)
ij , Q

(TT)
ij , C

(TT)
ij} 2 dof each 6

1 rank-2 pseudotensor {Q(TT)
ij} 2 dof each 2

1 rank-3 tensor {C(TT)
ijk} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.

Note that the spin-3 carries a helicity-3 part and sice the metric does
not have such terms, it totally decouples from the other modes in
FLRW.
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Dynamics of metric-affine geometry

General quadratic parity preserving action with dynamical torsion and
nonmetricity:

S =

∫
d4x

√
−g

{
Lm +

1

16π

[
−R̃+ a1R̃

2 + a2R̃λρµνR̃
λρµν + a3R̃λρµνR̃

ρλµν

+ a4R̃λρµνR̃
µνλρ + a5R̃λρµνR̃

λµρν + a6R̃λρµνR̃
µλρν + a7R̃ρλµνR̃

µλρν

+ a8R̃µνR̃
µν + a9R̃µνR̃

νµ + a10R̂µνR̂
µν + a11R̂µνR̂

νµ + a12R̃µνR̂
µν

+ a13R̃µνR̂
νµ + a14R̃

λ
λµνR̃

ρ
ρ
µν + a15R̃

λ
λµνR̃

µν + a16R̃
λ
λµνR̂

µν

+ b1TλµνT
λµν + b2TλµνT

µλν + b3T
λ
λνT

µ
µ
ν + c1TλµνQ

µλν

+ c2T
λ
λνQ

νµ
µ + c3T

λ
λνQ

µν
µ + d1QλµνQ

λµν + d2QλµνQ
µλν

+ d3Q
λ
λνQ

µ
µ
ν + d4Qν

λ
λQ

νµ
µ + d5Q

λ
λνQ

νµ
µ

]}
.
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Cosmological perturbations of the spin-3 field (helicity-3 part)

Contribution of the spin-3 field (helicity-3 part) around flat FRW up to
second order for the most general parity-preserving quadratic MAG
action:

S
(2)
C =

1

16π

∫
dt d

3
x a

3G(C)
T

[(
Ċ

(TT)
ijk

)2
−

1

a2

(
DlC

(TT)
ijk

)2
+

4

a
T2εijkC

(TT)i
lmD

j
C

(TT)klm

−m2
C,eff

(
C

(TT)
ijk

)2
]

=
1

16π

∑
A=L,R

∫
dt

d3k

(2π)3
a
3G(C)

T

[
[Ċ

(A)
]
2 − [ω

(A)
C,k

]
2
[C

(A)
]
2

]
,

where [ω
(A)
C,k ]

2 ≡ k2

a2
− 4λAT2

k
a +m2

C,eff and

G(C)
T = − 1

4
(2a2 + 2a3 + a5 + a6 + a7) .

Field equation of the spin-3 field around flat FRW:

C̈(A) + 3HĊ(A) + [ω
(A)
C,k]

2C(A) = J(A) .
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Cosmological perturbations of the spin-3 field (helicity-3 part)

The quadratic action contains the parity-violating term

T2εijkC
(TT)i

lmD
jC(TT)klm → λAT2k[C

(A)]2 (momentum space) ,

which originates from the covariant interaction εανλµqρτνSα∇µqρτ
λ.

Recall that λL = − 1 and λR = +1 so this term yields different
contributions to the L and R modes.
While the original gravitational action is parity-preserving, the
background evolution of the universe breaks the time reflection
symmetry and then S0 ∝ T2 ̸= 0 spontaneously breaks the parity
invariance of the perturbations, i.e. the left-handed and right-handed
modes of C(TT)

ijk obey different equations of motion.
Note that if the background function T2 ̸= 0, we will always have such
terms.
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Main results

We found the first spherically symmetric solutions in MAG with
dynamical torsion and nonmetricity. First with the Weyl and then with
the traceless part of nonmetricity.

Another direction is to study cosmology: there are many new fields
in MAG and the cosmological perturbation theory was remained
unexplored in the literature.

We have derived all the possible cosmological perturbations arising
from MAG, by performing 3+1 and SVT decompositions over the
metric, torsion and nonmetricity tensors.
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What do to next?

Further understand the role of dynamical modes and ghosts.

Cosmology of the complete model: from inflation to dark energy -
using perturbation theory. spin-3 field? dark matter?

New possible gravitational wave effects? primordial black holes in
MAG? stochastic GW?

Perturbations of BH solutions: are they stable? quasinormal
modes? Love Numbers?

What is the role of dilations/shears in particle physics?

Some possible new quantum gravity theories with torsion and
nonmetricity?
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Some possible new quantum gravity theories with torsion and
nonmetricity?
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