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Definitions and conventions

Definition of the curvature tensor:

R̃λ ρµν = ∂µΓ̃
λ
ρν−∂νΓ̃λ ρµ+Γ̃λ σµΓ̃

σ
ρν−Γ̃λ σνΓ̃

σ
ρµ .

In particular, it measures the change of vector
components on parallel transport along an
infinitesimal closed curve:

δVµ = R̃λ µρνVλds
ρν ,

where dsρν denotes the surface element
spanned by the infinitesimal closed curve.
96 independent components.
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Definitions and conventions

Definition of the torsion tensor:

T λ µν = 2Γ̃λ [µν] .

Although the affine connection is not a tensor
quantity, its antisymmetric part transforms as a
tensor under general coordinate transformations.
In particular, it measures the nonclosure of
infinitesimal parallelograms:

δU,V = T ρµνδU
µδV ν .

24 independent components.
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Definitions and conventions

Definition of the nonmetricity tensor:

Qλµν = ∇̃λgµν .

In particular, it measures the change of lengths
and angles under parallel transport:

V λ∇̃λ (gµνm̂
µn̂ν) = V λQλµνm̂

µn̂ν

− 1

2
V λQλµν (m̂

µm̂ν + n̂µn̂ν) m̂ρn̂ρ ,

V λ∇̃λ||k||2 = V λQλµνk
µkν .

40 independent components.
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Post-Riemannian decomposition

According to the Fundamental Theorem of Riemannian geometry, in the
absence of torsion and nonmetricity:

Γ̃λ
µν = Γλ

µν =
1

2
gλρ (∂µgνρ + ∂νgµρ − ∂ρgµν) ,

R̃λρµν = Rλρµν =
1

2

(
∂2gλν
∂xρ∂xµ

+
∂2gρµ
∂xλ∂xν

− ∂2gλµ
∂xρ∂xν

− ∂2gρν
∂xλ∂xµ

)

+ gσω (Γω
ρµΓ

σ
λν − Γω

ρνΓ
σ

λµ) .

General decomposition of the affine connection and the curvature tensor:

Γ̃λ
µν = Γλ

µν +Nλ
µν ,

Nλ
µν =

1

2
Tλ

µν − T(µ
λ
ν) +

1

2
Qλ

µν −Q(µ
λ
ν) ,

R̃λ
ρµν = Rλ

ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ

ρ|ν] .
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Symmetries and identities of the curvature tensor

Skew symmetry of the last pair of indices of the curvature tensor:

R̃ρσ(µν) = 0 .

Bianchi identities:

R̃λ
[µνρ] = ∇̃[µT

λ
ρν] + Tσ

[µρ T
λ
ν]σ ,

∇̃[σ|R̃
λ
ρ|µν] = Tω

[σµ|R̃
λ
ρω|ν] ,

R̃(λρ)
µν = ∇̃[νQµ]

λρ +
1

2
Tσ

µνQσ
λρ .

Three independent rank-2 tensors defined from the first contractions of the
curvature tensor:

R̃µν = R̃λ
µλν , R̂µν = R̃µ

λ
νλ , R̃λ

λµν = ∇[νQµ]λ
λ .

Unique scalar and pseudoscalar curvatures:

R̃ = gµνR̃µν , ∗R̃ = ελρµνR̃λρµν .
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Teleparallel theories

Teleparallel condition:

R̃µνρσ = Rµνρσ +∇ρN
µ
νσ −∇σN

µ
νρ +Nµ

τρN
τ
νσ −Nµ

τσN
τ
νρ = 0 .

Now, by contracting the curvature tensor R̃ = gµνR̃ρµρν we find

Ricci scalar decomposition

R̃ = R+
(
T + 2∇̊µ(

√−gT ρρµ)
)
+

(
Q+ ∇̊µQ

µν
ν − ∇̊νQµ

µν
)
+ C = 0

with

T := T ρλκTρλκ + 2T ρλκTκρλ − 4Tρ
κ
κT

ρλ
λ , Torsion scalar ,

Q := −
1

4
QαβγQ

αβγ +
1

2
QαβγQ

βαγ +
1

4
QαQ

α −
1

2
QαQ̄

α , Nonmetricity scalar ,

C := 2(QκρλT
λκρ +Qρ

σ
σT

ρκ
κ −QσσρT

ρκ
κ) .
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Teleparallel theories

Torsional teleparallel theories (or Metric teleparalellism) assumes
Q = R̃ = 0 and then R = −T +B and then the TEGR:

STEGR =

∫ [
− 1

2κ2
T + Lm

]
e d4x .

Symmetric teleparallel theories assumes T = R̃ = 0 and then
R = −Q+BQ and then the STEGR:

SSTEGR =

∫ [
− 1

2κ2
Q+ Lm

]√−g d4x .

Then, these two theories are equivalent (classicality) to GR.
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(some)Modified Torsional Teleparallel theories
The simplest modification is called New General Relativity K. Hayashi and T. Shirafuji,

Phys. Rev. D 19 (1979), 3524-3553

LNGR = c1T
µνρTµνρ + c2T

µνρTρνµ + c3T
µ
µρTν

νρ .

1 When c1 = 1/4, c2 = 1/2, c3 = −1 we get TEGR (or GR).
2 Ghost avoided only in two possibilities:

1 1-parameter NGR - but it is strongly coupled J. Beltrán Jiménez and
K. F. Dialektopoulos, JCAP 01 (2020), 018

2 Type 3 NGR - new branch healthy just found S. Bahamonde, D. Blixt,

K. F. Dialektopoulos and A. Hell, arXiv:2404.02972.

Another popular modification is R. Ferraro and F. Fiorini, Phys. Rev. D 75 (2007), 084031

Lf(T ) = f(T ) .

1 It has been highly analysed in cosmology - it gives interesting
phenomenology.

2 However, it is strongly coupled in Minkowski and even in non-flat
FLRW S. Bahamonde, K. F. Dialektopoulos, M. Hohmann, J. Levi Said, C. Pfeifer and E. N. Saridakis, Eur. Phys. J.
C 83 (2023) no.3, 193
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(some)Modified Torsional Teleparallel theories
It seems that the simplest modifications are pathological. More general
theories that requires further analysis

Lf(T,B) = f(T,B) gravity where B = ∇µT
µ = R− T : S. Bahamonde, C. G. Böhmer and

M. Wright, Phys. Rev. D 92 (2015) no.10, 104042

1 Of course we get f(R) in a limit, but there is more.
2 Interesting applications to cosmology.
3 New dof appearing in Minkowski 2+1 (scalar). Is this theory healthy in

some regime?

Gauss-Bonnet theories:

LGB = −T − 1

2
β ∂µψ∂

µψ + α1G1(ψ)TG + α2G2(ψ)BG

1 Here, G = RαβµνR
αβµν − 4RαβR

αβ +R2 = TG +BG.
2 Interesting in black holes: scalarization (spontaneous) is triggered by

torsion. S. Bahamonde, D. D. Doneva, L. Ducobu, C. Pfeifer and S. S. Yazadjiev, Phys. Rev. D 107 (2023) no.10,

104013; Phys. Rev. D 108 (2023) no.6, 064044

More theories to analyse such as Teleparallel Horndeksi where G5 ̸= 0 is
avoided! S. Bahamonde, K. F. Dialektopoulos and J. Levi Said, Phys. Rev. D 100 (2019) no.6, 064018; S. Bahamonde,

K. F. Dialektopoulos, V. Gakis and J. Levi Said, Phys. Rev. D 101 (2020) no.8, 084060
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(some)Modified Symmetric Teleparallel theories

It is possible to construct theories only with nonmetricity.

Some interesting results in thermodynamics and definition of the
gravitational energy momentum tensor D. A. Gomes, J. Beltrán Jiménez and T. S. Koivisto, Phys. Rev.
D 107 (2023) no.2, 024044.

The most studied modified theory is Lf(Q) = f(Q) where Q = R−BQ:

1 This theory has 6 dof (using Hamiltonian analysis) K. Tomonari and S. Bahamonde,
Eur. Phys. J. C 84 (2024) no.4, 349

2 It was recently shown that this theory always propagate a ghost!
D. A. Gomes, J. Beltrán Jiménez, A. J. Cano and T. S. Koivisto, Phys. Rev. Lett. 132 (2024) no.14, 141401

It was recently found that the K-essence theory A. G. Bello-Morales, J. Beltrán Jiménez,

A. Jiménez Cano, A. L. Maroto and T. S. Koivisto, arXiv:2406.19355

L = Q−K(Q3) , Q3 ≡ Qµ
µαQ

λ
λ
α
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D 107 (2023) no.2, 024044.

The most studied modified theory is Lf(Q) = f(Q) where Q = R−BQ:

1 This theory has 6 dof (using Hamiltonian analysis) K. Tomonari and S. Bahamonde,
Eur. Phys. J. C 84 (2024) no.4, 349

2 It was recently shown that this theory always propagate a ghost!
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Gauge formalism of metric-affine geometry

A(4,R) = T 4 ⋊GL(4,R) gauge connection with an independent local metric
structure1:

Aµ = ea µPa + ωa
bµLa

b ,

gµν = ea µe
b
νgab ,

where
ωa

bµ = ea λ eb
ρ Γ̃λ

ρµ + ea λ ∂µ eb
λ .

Generators of the affine group A(4,R):

[Pa, Pb] = 0 ,
[
La

b, Pc

]
= i δb c Pa ,[

La
b, Lc

d
]
= i

(
δb c La

d − δa
d Lc

b
)
.

1F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
Sebastian Bahamonde Metric-Affine Gravity (MAG) 17 / 51



Gauge formalism of metric-affine geometry

A(4,R) = T 4 ⋊GL(4,R) gauge connection with an independent local metric
structure1:

Aµ = ea µPa + ωa
bµLa

b ,

gµν = ea µe
b
νgab ,

where
ωa

bµ = ea λ eb
ρ Γ̃λ

ρµ + ea λ ∂µ eb
λ .

Generators of the affine group A(4,R):

[Pa, Pb] = 0 ,
[
La

b, Pc

]
= i δb c Pa ,[

La
b, Lc

d
]
= i

(
δb c La

d − δa
d Lc

b
)
.

1F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
Sebastian Bahamonde Metric-Affine Gravity (MAG) 17 / 51



Poincaré gauge theory

ISO(1, 3) translational and rotational field strength tensors:

Fµν = F a µνPa + F a bµνJa
b ,

where

F a µν = ∂µe
a
ν − ∂νe

a
µ + ωa bµ e

b
ν − ωa bν e

b
µ ,

F a bµν = ∂µω
a
bν − ∂νω

a
bµ + ωa cµ ω

c
b ν − ωa cν ω

c
bµ .

Correspondence with the torsion and curvature tensors:

F a µν = ea λT
λ
νµ ,

F a bµν = ea λeb
ρR̃λ ρµν .
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Gauge formalism of metric-affine geometry

A(4,R) gauge curvatures:

Gabµ = ∂µgab − gac ω
c
bµ − gbc ω

c
aµ ,

F a µν = ∂µe
a
ν − ∂νe

a
µ + ωa bµ e

b
ν − ωa bν e

b
µ ,

F a bµν = ∂µω
a
bν − ∂νω

a
bµ + ωa cµ ω

c
b ν − ωa cν ω

c
bµ .

Correspondence with the curvature, torsion and nonmetricity tensors:

Gabµ = gacgbde
cλedρQµλρ ,

F a µν = ea λT
λ
νµ ,

F a bµν = gbc e
a
λe
cρR̃λ ρµν .
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Dynamics in MAG gauge theories

Gravitational action with dynamical torsion and nonmetricity

S =

∫
d4x

√−g
[
Lm − 1

16π
Lg

(
R̃, T ,Q

)]
.

Correspondence between geometry and matter:

1√− g

δ (Lg
√− g)

δea ν
= 16πθa

ν ,

1√− g

δ (Lg
√− g)

δωa bν
= 16π∆a

bν .
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3 + 1 decomposition - settling notation

Let us first introduce a projector tensor

Pµν ≡ gµν + nµnν ,

which is orthogonal (Pµνnµ = 0) to a timelike vector nµ satisfying
nµn

µ = − 1.

Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

X⃗µ1···µn ≡ Pµ1
α1 · · ·PµnαnXα1···αn ,

X⃗µ1···µn = X⃗(µ1···µn) ,

X⃗µ1···µi···µnP
µ1µi = · · · = X⃗µ1···µi···µnP

µ1µn = · · · = X⃗µ1···µi···µnP
µiµn = 0 .

One can then straightforwardly decompose scalar and vectors:

ϕ = ϕ , Xµ = X⃗µ − nµX∗ .
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Cosmology in MAG

Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

Lξ ḡµν = LξT̄
λ
µν = LξQ̄

λ
µν = 0 .

By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

ḡ = −n̄µn̄νdxµ ⊗ dxν + P̄µνdx
µ ⊗ dxν = −N2dt⊗ dt+ a2γijdx

i ⊗ dxj ,

T̄λ
µν = 2T1(t) n̄[µP̄ν]

λ + 2T2(t) ε̄
λ
µνρn̄

ρ ,

Q̄λµν = 2Q1(t)n̄λn̄µn̄ν + 2Q2(t)n̄λP̄µν + 2Q3(t)P̄λ(µn̄ν) ,

where γijdxi ⊗ dxj = dr2

1−Kr2 + r2dΩ2. Note that there are 5 independent
functions coming from Post-Riemannian.
Our aim is to perform a 3 + 1+SVT-decomposition for all the tensors in MAG
up to linear perturbations to then write:

gµν = ḡµν + δgµν , T̄λ
µν = T̄λ

µν + δTλ
µν , Q̄λ

µν = Q̄λ
µν + δQλ

µν .
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Cosmology in MAG - very short discussion

Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.
The majority of these studies predominantly focus on torsion.
Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.
Dark energy can be explained by the scalar modes of torsion.
It is possible to find inflationary models such as Einstein-Cartan
couple to Higgs or other more complicated ones which are compatible
with observations.
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

Tλ
µν =

1

3

(
δλ νTµ − δλ µTν

)
+

1

6
ελ ρµνS

ρ + tλ µν .

Vector part Tµ = T λµλ,
Axial vector part Sµ = εµνρσT

νσρ,
Tensor part tλ µν = T λ µν − 1

3

(
δλ νTµ − δλ µTν

)
− 1

6ε
λ
ρµνS

ρ.

Irreducible decomposition of the nonmetricity tensor
Qλµν = gµνWλ +↗Qλµν ,

↗Qλµν =
1

2
(gλµΛν + gλνΛµ)−

1

4
gµνΛλ +

1

3
ελρσ(µΩν)

ρσ + qλµν .

Weyl vector Wµ = 1
4Qµν

ν ,
Second vector part Λµ = 4

9 (Q
ν
µν −Wµ),

First tensor part Ωλ µν = −
[
εµνρσQρσλ + εµνρ λ

(
3
4Λρ −Wρ

)]
,

Second tensor part qλµν = Q(λµν) − g(µνWλ) − 3
4g(µνΛλ).
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3 + 1 decomposition for FLRW - Torsion sector

The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be
decomposed as

Tµ = T⃗µ − nµϕ ,

Sµ = S⃗µ − nµϱ ,

tµνρ = 2n[νA⃗ρ]µ + 2
(
nµn[ν +

1

2
Pµ[ν

)
B⃗ρ] +

1

2
ενρ

αβ
[
−nαA⃗βµ +

(
nβnµ +

1

2
Pβµ

)
B⃗α

]
.

Then, torsion is decomposed as

Tλµν = T̄λµν + δTλµν =



T 0
0i = −

a

3

(
T⃗i + 3B⃗i

)
T 0

ij = −
a2

6N
εijk

(
S⃗k + 3B⃗k

)
T i0j = −N

[
A⃗ i

j −
1

3
δi j

(
ϕ̄+ ϕ

)
+

1

6
εijk

(
S⃗k −

3

2
B⃗k

)]
T ijk = −

a

6

{
4δi [j T⃗k] − 6δi[jB⃗k] +

[
3εjklA⃗il − εi jk (ϱ̄+ ϱ)

]}
,

where we have introduced the background Ti in the scalars ϕ, ϱ.
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3 + 1 decomposition for FLRW - Nonmetricity sector
The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be
decomposed as

Wµ = W⃗µ − nµθ ,

Λµ = Λ⃗µ − nµψ ,

Ωµνρ = 2n[νQ⃗ρ]µ + 2
(
nµn[ν +

1

2
Pµ[ν

)
Y⃗ρ] +

1

2
ενρ

αβ
[
−nαQ⃗βµ +

(
nβnµ +

1

2
Pβµ

)
Y⃗α

]
,

qµνρ = C⃗µνρ − 3n(µκ⃗νρ) +
3

5

(
5n(µnν + P(µν

)
Z⃗ρ) −

(
n(µnν + P(µν

)
nρ)ξ .

Then, nonmetricity is decomposed as

Q
λ
µν =



Q000 = −N
3
[
θ̄ + θ +

3

4

(
ψ̄ + ψ

)
−

(
ξ̄ + ξ

)]
Q00i = −

N2a

2

(
Λ⃗i −

1

3
Y⃗i − 2Z⃗i

)
Q0ij = −

Na2

3

{
Q⃗ij − 3κ⃗ij − 3

[
θ̄ + θ −

1

4

(
ψ̄ + ψ

)
+

1

3

(
ξ̄ + ξ

)]
γij

}
Qi00 = −N

2
a
(
W⃗i −

1

4
Λ⃗i +

1

3
Y⃗i − Z⃗i

)
Qi0j =

Na2

6

{[
Q⃗ij + 6κ⃗ij +

(
3
(
ψ̄ + ψ

)
+ 2

(
ξ̄ + ξ

))
γij

]
−3εijkY⃗

k
}

Qijk = a
3
{
C⃗ijk +

1

4

(
4W⃗i − Λ⃗i

)
γjk + γi(j Λ⃗k) −

1

6

(
γjkY⃗i − γi(j Y⃗k)

)
+

3

5
γ(ij Z⃗k) +

2

3
εli(jQ⃗

l
k)

}

.

where we have introduced the background Qi in the scalars θ, ψ, ξ.
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where we have introduced the background Qi in the scalars θ, ψ, ξ.
Sebastian Bahamonde Metric-Affine Gravity (MAG) 27 / 51



Summary of modes
We can group the modes as:

δX⃗ = {α, ζ, ϕ, ϱ, θ, ψ, ξ} ,
δX⃗i = {β⃗i, T⃗i, S⃗i, B⃗i, B⃗i, W⃗i, Λ⃗i, Y⃗i, Y⃗i, Z⃗i} ,
δX⃗ij = {h⃗ij , A⃗ij , A⃗ij , Q⃗ij , Q⃗ij , κ⃗ij} ,
δX⃗ijk = {C⃗ijk} .

where each element of δX⃗i, δX⃗ij and δX⃗ijk have 3, 5 and 7 independent
components, respectively.

The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components
The 40 dof of the nonmetricity perturbations are split as
1 + 3 + 6 + 3 + 9 + 18 dof.

Spin and Parity 0+ 0− 1+ 1− 2+ 2− 3−

Metric sector gµν α, ζ - - β⃗i h⃗ij - -
Torsion sector T λµν ϕ ϱ S⃗i, B⃗i T⃗i, B⃗i A⃗ij A⃗ij -
Nonmetricity sector Qλµν θ, ψ, ξ - Y⃗i W⃗i, Λ⃗i, Y⃗i, Z⃗i Q⃗ij , κ⃗ij Q⃗ij C⃗ijk

Table: Species in MAG. K. Aoki, S. Bahamonde, J. Gigante Valcarcel and M. A. Gorji, “Cosmological
Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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Nonmetricity sector Qλµν θ, ψ, ξ - Y⃗i W⃗i, Λ⃗i, Y⃗i, Z⃗i Q⃗ij , κ⃗ij Q⃗ij C⃗ijk

Table: Species in MAG. K. Aoki, S. Bahamonde, J. Gigante Valcarcel and M. A. Gorji, “Cosmological
Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].

Sebastian Bahamonde Metric-Affine Gravity (MAG) 28 / 51



Summary of modes
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Helicity (SVT) decomposition

After the 3 + 1 decomposition, we only need to deal with the spatial scalar
and tensors with Latin indices belonging to the maximally symmetric space
γij (and with the “external” parameter t).

Let us decompose them into different helicity sectors:

δX⃗i = DiS+V
(T)
i ,

δX⃗ij =
(
D(iDj) −

1

3
γijD

2
)
S+D(iV

(T)
j)

+T
(TT)
ij ,

δX⃗ijk =
[
D(iDjDk) −

1

5
γ(ijDk)

(
3D2 + 4K

)]
S+

[
D(iDj −

1

5
γ(ij

(
D2 + 2K

)]
V

(T)
k)

+D(iT
(TT)
jk)

+TT
(TT)
ijk .

Here, the superscript “(T)” refers that the quantity is transverse, while the tensors denoted by
the superscript “(TT)” are transverse-traceless and symmetric:

DiV
(T)
i = 0 ,

DiT
(TT)
ij = T

(TT)
ij γij = 0 , T

(TT)
ij = T

(TT)
(ij) ,

DiTT
(TT)
ijk = TT

(TT)
ijk γij = 0 , TT

(TT)
ijk = TT

(TT)
(ijk) .
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SVT decomposition around FRW

Thereby, the 10 dof described by the metric perturbations are split in
terms of four scalars {α, β, ζ, h} (1 dof each), two transverse vectors
{β(T)

i , h
(T)
i } (2 dof each), and one symmetric and transverse-traceless

tensor h(TT)
ij (2 dof).

SVT Quantities dof Total dof
5 scalars {T,B, ϕ,A, ϱ} 1 dof each 5
3 pseudoscalars {S,B,A} 1 dof each 3
3 vectors {T (T)

i , B
(T)
i , A

(T)
i } 2 dof each 6

3 pseudovectors {S(T)
i ,B(T)

i ,A(T)
i } 2 dof each 6

1 rank-2 tensor {A(TT)
ij } 2 dof each 2

1 rank-2 pseudotensor {A(TT)
ij } 2 dof each 2

Table: Perturbation spectrum for the torsion tensor.K. Aoki, S. Bahamonde, J. Gigante
Valcarcel and M. A. Gorji, “Cosmological Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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SVT decomposition around FRW

SVT Quantities dof Total dof
10 scalars {θ, ψ, ξ,Λ, Y, Z, κ,Q,W,C} 1 dof each 10
2 pseudoscalars {Y,Q} 1 dof each 2
7 vectors {Λ(T)

i, Y
(T)

i, Z
(T)

i, κ
(T)

i, Q
(T)

i,W
(T)

i, C
(T)

i} 2 dof each 14
2 pseudovectors {Y(T)

i,Q(T)
i} 2 dof each 4

3 rank-2 tensor {κ(TT)
ij , Q

(TT)
ij , C

(TT)
ij} 2 dof each 6

1 rank-2 pseudotensor {Q(TT)
ij} 2 dof each 2

1 rank-3 tensor {C(TT)
ijk} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.

Note that the spin-3 carries a helicity-3 part and sice the metric does
not have such terms, it totally decouples from the other modes in
FLRW.
We studied this spin-3 part finding

C̈(A) + 3HĊ(A) + [ω
(A)
C,k]

2C(A) = J(A) .
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Vector and axial sectors in quadratic Poincaré gauge theory

Class of quadratic Poincaré gauge models that are reduced to
General Relativity in the absence of torsion:

Sg =
1

16π

∫ [
c2R̃λρµνR̃

λµρν −R− 1

2
(2c1 + c2) R̃λρµνR̃

µνλρ + c1R̃λρµνR̃
λρµν

+ d1R̃µν
(
R̃µν − R̃νµ

)
+

1

2

(
m2
TTµT

µ +m2
SSµS

µ +m2
t tλµνt

λµν)]√−g d4x .

Focusing on the vector and axial modes of torsion:

R̃λρµν = Rλρµν +
2

3

(
gλ[ν∇µ]Tρ − gρ[ν∇µ]Tλ

)
+

1

6
ελρσ[µ∇ν]S

σ

+
2

9

(
2T[λgρ][νTµ] + gλ[νgµ]ρTσT

σ)+ 1

72

(
2S[λgρ][µSν] + gλ[µgν]ρSσS

σ)
+

1

18

[
2εµνσ[λTρ]S

σ +
(
gλ[νεµ]ρσω − gρ[νεµ]λσω

)
TσSω

]
,

R̃µν = Rµν −
1

3

(
2∇νTµ + gµν∇λT

λ
)
+

1

12
ελρµν∇λSρ

+
2

9

(
TµTν − gµνTλT

λ
)
+

1

72

(
gµνSλS

λ − SµSν
)
.
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Vector and axial sectors in quadratic Poincaré gauge theory

Instabilities in the vector and axial sectors:

L(2)
g ∝ 1

9
(4c1 + c2 + 2d1)F

(T )
µν F (T )µν − 1

72
(4c1 + c2 + d1)F

(S)
µν F (S)µν

+
1

24
(c2 − 2c1)∇µS

µ∇νS
ν +

1

27
(c1 − 2c2)S

µSν∇µTν

− 1

108
(4c1 + c2)SµS

µ∇νT
ν +

1

18
(2c1 − c2)T

µSν∇νSµ

+
1

36
(4c1 + c2)GµνS

µSν +
1

72
(4c1 + c2)RSµS

µ

− 1

162
(4c1 + c2)TµT

µSνS
ν +

1

81
(2c2 − c1)TµS

µTνS
ν

+
1

2
m2
TTµT

µ +
1

2
m2
SSµS

µ .

and then c1 = c2 = d1 = 0 (only the masses survives in general backgrounds!)

Important problem!
It is not possible to have a stable propagating torsion tensor in quadratic Poincaré
gauge theory for general backgrounds
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gauge theory for general backgrounds

Sebastian Bahamonde Metric-Affine Gravity (MAG) 34 / 51



Cubic Poincaré gauge theory

Cubic parity preserving branch with mixing terms:2

L(3)
curv−tors = L(3)

R̃TT
+ L(3)

R̃SS
+ L(3)

R̃tt
+ L(3)

R̃TS
+ L(3)

R̃T t
+ L(3)

R̃St
,

L(3)

R̃TT
= h1R̃µνT

µT ν + h2R̃TµT
µ , L(3)

R̃SS
= h3R̃µνS

µSν + h4R̃SµS
µ ,

L(3)

R̃tt
= h5R̃λρµνtσ

λρtσµν + h6R̃λρµνtσ
λµtσρν + h7R̃λρµνt

λρ
σt
σµν

+ h8R̃λρµνt
λµ
σt
σρν + h9R̃λρµνt

λµ
σt
ρνσ + h10R̃λρtµν

λtρµν

+ h11R̃λρtµν
λtµνρ + h12R̃tλρµt

λρµ ,

L(3)

R̃TS
= h13ε

λρµνR̃λρµνTσS
σ + h14εν

λρσR̃λρµσT
µSν + h15ε

λρµνR̃λρTµSν ,

L(3)

R̃T t
= h16R̃λρµνT

νtλρµ + h17R̃λρµνT
ρtλµν + h18R̃λρTµt

µλρ + h19R̃λρTµt
λρµ,

L(3)

R̃St
= h20εαρµνR̃τ

ρµνSγtατγ + h21εαρµνR̃τ
ρµνSγtγ

ατ

+ h22εαρ
µνR̃ρµτνS

γtγ
ατ + h23εαρ

µνR̃γµτνS
αtγρτ

+ h24εαρ
µνR̃γµτνS

αtρτγ + h25εαρτµR̃
µ
γS

αtρτγ + h26ελρµνR̃
λρSσt

σµν .

2
S. Bahamonde and J. Gigante Valcarcel, Phys. Rev. D 109 (2024) no.10, 10
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Vector and axial sectors in cubic Poincaré gauge theory

Stable vector and axial sectors:

L ∝ −R+
1

9
(4c1 + c2 + 2d1)F

(T )
µν F (T )µν −

1

72
(4c1 + c2 + d1)F

(S)
µν F

(S)µν

+
1

24
(c2 − 2c1)∇µSµ∇νSν +

1

54
[2c1 − 4c2 − 9 (4h3 + 6h13 + h14)]S

µSν∇µTν

−
1

108
[4c1 + c2 + 9 (4h3 + 24h4 + 2h14 − h15)]SµS

µ∇νT ν

+
1

18
[2c1 − c2 − 3 (6h13 + h14 − h15)]T

µSν∇νSµ − 2h2TµT
µ∇νT ν

−
2

3
(h14 − h15) ε

λρµνTλSρ∂µTν +
1

36
(4c1 + c2 + 36h3)GµνS

µSν

+
1

72
[4c1 + c2 + 36 (h3 + 2h4)]RSµS

µ + h1GµνT
µT ν +

1

2
(h1 + 2h2)RTµT

µ

−
1

648
[16c1 + 4c2 − 9 (h1 + 3h2 − 16h3 − 48h4 − 8h14)]TµT

µSνS
ν

+
1

648
[16c2 − 8c1 − 9 (h1 − 16h3 − 48h13 − 8h14)]TµS

µTνS
ν

−
2

3
h2TµT

µTνT
ν +

1

24
h4SµS

µSνS
ν +

1

2
m2
TTµT

µ +
1

2
m2
SSµS

µ .
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Vector and axial sectors in cubic Poincaré gauge theory

First stability constraints (6 equalities):

c2 = 2c1 , h2 = − h1
2
, h3 = − 1

6
(c1 + 6h13) ,

h4 =
h13
2
, h14 = − 2h13 , h15 = 4h13 .

Reduced Lagrangian:

L ∝ −R +
2

9
(3c1 + d1)F

(T )
µν F

(T )µν −
1

72
(6c1 + d1)F

(S)
µν F

(S)µν

+ 2h1TµT
µ∇νT

ν
+ 4h13ε

λρµν
TλSρ∂µTν + h1GµνT

µ
T

ν − h13GµνS
µ
S
ν

+
1

144
(16h13 − h1)TµT

µ
SνS

ν
+

1

72
(16h13 − h1)TµS

µ
TνS

ν

+
1

3
h1TµT

µ
TνT

ν
+

1

48
h13SµS

µ
SνS

ν
+

1

2
m

2
T TµT

µ
+

1

2
m

2
SSµS

µ
.

Complete theory contains 23+3 constants. Clearly − d1

6 ≤ c1 ≤ − d1

3 , d1 ≤ 0.

Conclusion 1: Problem solved
By adding Cubic interactions, it is possible to construct a stable theory
with propagating torsion in the gauge formalism
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µ
S
ν

+
1

144
(16h13 − h1)TµT

µ
SνS

ν
+

1

72
(16h13 − h1)TµS

µ
TνS

ν

+
1

3
h1TµT

µ
TνT

ν
+

1

48
h13SµS

µ
SνS

ν
+

1

2
m

2
T TµT

µ
+

1

2
m

2
SSµS

µ
.

Complete theory contains 23+3 constants. Clearly − d1

6 ≤ c1 ≤ − d1

3 , d1 ≤ 0.

Conclusion 1: Problem solved
By adding Cubic interactions, it is possible to construct a stable theory
with propagating torsion in the gauge formalism
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Quadratic Metric-Affine Gravity - Vector/Axial Stability
Let us focus on the axial and vector sectors. Let us recall the decomposition:

Tλ µν =
1

3

(
δλ νTµ − δλ µTν

)
+

1

6
ελ ρµνS

ρ + tλ µν ,

Qλµν = gµνWλ +
1

2

(
gλµΛν + gλνΛµ

)
−

1

4
gµνΛλ +

1

3
ελρσ(µΩν)

ρσ + qλµν .

From torsion: 1 vector Tµ and 1 axial vector Sµ

From nonmetricity: 2 vectors Wµ and Λµ.
It was shown before that torsion cannot be propagating and nonmetricity can
propagate:

LQuad = −R+ 2R̃(λρ)µν

(
a2R̃

(λρ)µν + 2a5R̃
(λµ)ρν

)
+ a14R̃

λ
λµνR̃

ρ
ρ
µν

+ a15
(
R̃µν − R̂µν

)
R̃λλ

µν + a10
(
R̃µν − R̂µν

)(
R̃µν − R̂µν

)
−

1

2
(2a10 + a2 + a5)

(
R̃µν − R̂µν

)(
R̃νµ − R̂νµ

)
+ Lmassterms .

New question to address
Is it possible to have both torsion and nonmetricity propagating in a
stable theory?
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Cubic Metric-Affine Gravity
Similarly as before, we can introduce cubic interactions and add the
quadratic MAG Lagrangian (soon in arXiv)

LCubic = LQuad + L(3)
curv−tors + L(3)

curv−nonm + L(3)
curv−tor−nonm

The first contribution L(3)
curv−tors comes from mixing terms which depend

linearly on the curvature tensor and quadratically on the torsion tensor (more
terms now).
The second contribution L(3)

curv−nonm comes from mixing terms which depend
linearly on the curvature tensor and quadratically on the nonmetricity tensor
(e.g. WµWνR̃

µν)
The last contribution L(3)

curv−tor−nonm comes from mixing terms which depend
linearly on the curvature tensor and linearly on both torsion and nonmetricity
tensors (e.g. ΛµTνR̃

µν).

Conclusion 2: Problem solved in MAG as well
By following a similar and much more complex analysis: “By adding
Cubic interactions, it is possible to construct a stable theory with
propagating torsion and nonmetricity in the gauge formalism”
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Reissner-Nordström-like black holes

Explicit symmetries on the metric and torsion tensors:

Lξgµν = LξT λ µν = LξQλµν = 0 =⇒ LξR̃λ ρµν = 0 .

Static and spherically symmetric space-times:

#10 → #2

{
ds2 = Ψ1(r) dt

2 − dr2

Ψ2(r)
− r2

(
dϑ2 + sin2 ϑdφ2

)
;

#24 → #8





T t tr T r tr T ϑ tϑ
T ϑ rϑ T ϑ tφ T ϑ rφ
T t ϑφ T r ϑφ

#40 → #12





Qttt Qtrr Qttr
Qtϑϑ Qrtt Qrrr
Qrtr Qrϑϑ Qϑtϑ
Qϑrϑ Qϑtφ Qϑrφ
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Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

We found an exact spherically symmetric solution behaving as a
Reissner-Nordström-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic
charges.
It is important to mention that the in this theory both torsion and
nonmetricity are propagating and moreover, their spin-2 and spin-3
parts are dynamical.
All the masses of the tensor modes of torsion and nonmetricity are
different from zero =⇒ We evaded the Weinberg-Witten no-go
theorem (massless higher-spin fields are pathological)
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Overview of the Talk

1 Motivations and introduction to metric-affine geometry

2 Teleparallel theories
Trinity of Gravity
Modified Theories with torsion and applications (Metric TG)
Theories with Nonmetricity and applications (Symmetric TG)

3 Gauge theories of gravity

4 Cosmological perturbations in MAG

5 Stability in Metric Affine Gauge theories
Stability issues in quadratic Poincaré gauge theory
Cubic extensions

6 Algebraic Classification in MAG

7 Conclusions and future prospects
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How is the procedure for algebraic classification?

The complete classification of the relevant tensors in Riemannian
geometry is known.

Broadly speaking, the steps followed are:

1 Decompose the curvature tensor into its irreducible modes:

Riemmanian Curvature decomposition

Rλρµν =Wλρµν +
1

2

(
gλµ↗Rρν + gρν↗Rλµ − gλν↗Rρµ − gρµ↗Rλν

)
+

1

6
Rgλ[µgν]ρ ,

#20(Rλρµν) = #10(Wλρµν) + #9(↗Rρν) + #1(R) .

2 Analyse algebraic properties for each mode: One can formulate an
eigenvalue problem or use principal null directions to find the different
types.

Result in Riemannian geometry: Weyl has 6 types (Petrov
classification); Ricci traceless has 15 types(Segre classification);
What happens in GR in vacuum? ↗Rρν = R = 0 and then the
curvature is fully characterised by the Weyl tensor with their 6 types.
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Null directions and the Petrov Classification - Weyl tensor

This classification can be derived by means of its principal null directions
which requires expressing any tensor in terms of a set of null vectors lµ, kµ,
mµ, and m̄µ;

kµlµ = −mµm̄µ = 1 ,

kµmµ = kµm̄µ = lµmµ = lµm̄µ = 0 ,

kµkµ = lµlµ = mµmµ = m̄µm̄µ = 0 .

An algebraic classification of any tensor can then be obtained by defining its
PNDs and their levels of alignment.

Algebraic type Segre characteristic Intrinsic characterisation
I [1 1 1] l[σ

(1)W̃λ]ρµ[ν lω]l
ρlµ = 0

II [2 1] (1)W̃λρµ[ν lω]l
ρlµ = 0

D [(1 1) 1] (1)W̃λρµ[νkω]k
ρkµ = (1)W̃λρµ[ν lω]l

ρlµ = 0

III [3] (1)W̃λρµ[ν lω]l
µ = 0

N [(2 1)] (1)W̃λρµν l
µ = 0

O [−] (1)W̃λρµν = 0
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Why is this classification useful?

Einstein’s field equations are in general difficult to solve and
symmetries are needed for obtain exact solutions.

It is mathematically important to classify the curvature to understand
possible extra symmetries of a system.
Reissner-Nordström and also Kerr-Newman have a very particular
characterisation which is known as Type D. Not only the Weyl tensor
is Type D in those cases but also the Faraday tensor fulfills a similar
property.
The most general Type D solution in Einstein-Maxwell is known as the
Plebański-Demiański characterised by {M,a, α,N} (mass, angular
momentum, acceleration and Nut charge) and the electromagnetic
charges.
Goldberg-Sachs theorem: A vacuum solution of the Einstein’s field
equations admits a shear-free null geodesic congruence if and only if
the conformal part of the Riemann tensor is algebraically special.
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Curvature decomposition in Metric-Affine geometry

First, we need to find the building blocks of the general curvature tensor
(recall that in Riemannian geometry, we had 3: Wαβµν , ↗̃Rµν , and R).

We can decompose:

General curvature

R̃λρµν = R̃[λρ]µν + R̃(λρ)µν := W̃λρµν + Z̃λρµν .

We find that there are 11 building blocks S. Bahamonde and J. Gigante Valcarcel, Phys. Rev. D 108
(2023) no.4, 4:

Building block Number of independent components Limit in Riemannian geometry
(1)Z̃λρµν 30 zero
(1)W̃λρµν 10 Weyl tensor Wλρµν

↗̃R(T )
λ[ρµν]

9 zero

↗̃R(Q)
λ[ρµν]

9 zero

↗̃R(µν) 9 Ricci traceless ↗Rµν

↗̂R(Q)
(µν)

9 zero

R̃
(T )
[µν]

6 zero

R̂
(Q)
[µν]

6 zero

R̃λ
λµν 6 zero
R̃ 1 Ricci scalar R
∗R̃ 1 zero
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Algebraic classification in MAG

It turns out that the sets {↗̃R(T )

λ[ρµν], ↗̃R
(Q)

λ[ρµν], ↗̃R(µν), ↗̂R
(Q)

(µν)} and

{R̃(T )
[µν], R̂

(Q)
[µν], R̃

λ
λµν} contain building blocks with 9 and 6 independent

components.

Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field Fµν (6 dof).
The richest part is the (1)Z̃λρµν tensor that is purely related to the traceless
part of nonmetricity:

1 This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z̃λ
λµν = (1)Z̃λ

µλν = 0 , (1)Z̃λ[ρµν] = 0 .

2 Using its principal null directions (PNDs), we found that this tensor has
15 main types and subtypes within it. S. Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, arXiv:2409.07153

3 It is common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,
(1)Z̃λ

λµν is no longer Type D.
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Conclusions

Teleparallel theories are restricted geometries where curvature vanishes.
One can formulate the same theory as GR with torsion or nonmetricity and
then modify them

Modified teleparallel theories are usually more general than their
Riemannian counterparts since one can always formulate theories
containing the Riemannian ones.
It seems that the simplest theories have pathologies. Although, still there is
some room to study where there is new phenomenology related to
torsion/nonmetricity.
The general MAG is a gauge theory of gravity where torsion, nonmetricity
and curvature appear as field strength tensors.
Within MAG, we constructed the cosmological perturbations where
torsion/nonmetricity can be propagating.
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Conclusions

The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also
Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.

In analogy to quadratic MAG theories, a further restriction on the Lagrangian
coefficients provides Reissner-Nordström-like black hole solutions with
dynamical torsion and nonmetricity.
For the first time we found a solution with all the intrinsic charges without
known instabilities and with all higher-spin masses of torsion and
nonmetricity.

Due to the difficulty of these theories, it is important to understand certain
symmetries or special important cases for the fields. To understand this, we
formulated the algebraic classification of MAG for the curvature tensor. This
is analogous to the Petrov classification.
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What to do next?

Study the new branch in New General Relativity (torsional teleparallel)
that is free from ghosts. Is it also not strongly coupled?

Investigate the stability of the tensor sector of both Poincaré and MAG
gauge theories.
Can torsion/nonmetricity in any of these theories might help to
alleviate tensions in cosmology?
Study the axial symmetry of the Poincaré case to find a gravitational
spin-orbit interaction (interaction between the intrinsic spin and the
angular momentum)
It is possible to find a renormalizable theory with these cubic
interactions?
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