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o Motivations and introduction to metric-affine geometry

9 Teleparallel theories
@ Trinity of Gravity
@ Modified Theories with torsion and applications (Metric TG)
@ Theories with Nonmetricity and applications (Symmetric TG)

@ Gauge theories of gravity
0 Cosmological perturbations in MAG

© Stavility in Metric Affine Gauge theories
@ Stability issues in quadratic Poincaré gauge theory
@ Cubic extensions

Q Algebraic Classification in MAG

0 Conclusions and future prospects
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Overview of the Talk

@ Motivations and introduction to metric-affine geometry
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Definitions and conventions
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Definitions and conventions

@ Definition of the curvature tensor:

DA A Y PA T PA T
R puy = O py =017 o+ 17 617 oy =17 617 0.
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Definitions and conventions

@ Definition of the curvature tensor:
R prv — auf‘)\ pv_avf‘)\ pu"'f/\ «wf‘a pv_f‘)\ Wf‘a P

@ In particular, it measures the change of vector
components on parallel transport along an
infinitesimal closed curve:

6V, = R, Vads™

where ds”” denotes the surface element
spanned by the infinitesimal closed curve.
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Definitions and conventions

Definition of the torsion tensor:

A A
T o = 21 ).
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Definitions and conventions

Definition of the torsion tensor:
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T 4 =21 .-

Although the affine connection is not a tensor
quantity, its antisymmetric part transforms as a
tensor under general coordinate transformations.
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Definitions and conventions

Definition of the nonmetricity tensor:

Q)\,w/ = 6)\.g,ulf .
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Definitions and conventions

Definition of the nonmetricity tensor:

Q)\;w = 6)\.g,ul/ .

In particular, it measures the change of lengths
and angles under parallel transport:

VAV (gt i) = VAQ i

1
)
VAVAIIKI[? = V2@ btk .

VAQuuw (1l + PR’ ) mPi,
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Post-Riemannian decomposition

@ According to the Fundamental Theorem of Riemannian geometry, in the
absence of torsion and nonmetricity:

- 1
FA py — ]-‘)\ pr = 5 g)\p (augl/p + anILP - 6{’91“1) ’

1( g | P9 Pgu Py
2 \ OzrPOxt = OxrOzv  OxPOx”  Ox Ozt
+ Gow (Fw p,u]-—‘U Av re pV]-—‘U )\,LL) .

Rxppv = Rappw =
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- 1
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1( g | P9 Pgu Py
2 \ OzrPOxt = OxrOzv  OxPOx”  Ox Ozt
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Rxppv = Rappw =

@ General decomposition of the affine connection and the curvature tensor:

fAuV:FA/,LV—i_N)\qu
1 A A 1 A A
ET HV_T(# U)+§Q [LV_Q(M V)
DA A o
Ry = R gy + 2V N* ) + 2N 1 N7 1)

A
N =
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Symmetries and identities of the curvature tensor

@ Skew symmetry of the last pair of indices of the curvature tensor:
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@ Bianchi identities:

> o o A
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V[C’|R)\ plur] = T [cr,uIR)\ pw|v] >
. . 1
R()\p) pr = V[VQIJ«] ¥ + 5 i #uQa’ AP 0

@ Three independent rank-2 tensors defined from the first contractions of the
curvature tensor:

R/u/ = R)‘MAV ) R;u/ = RMA VA RAAW/ = V[VQM])\)\ .

Sebastian Bahamonde Metric-Affine Gravity (MAG)

8/51



Symmetries and identities of the curvature tensor

@ Skew symmetry of the last pair of indices of the curvature tensor:

Ryo(uv) = 0.
@ Bianchi identities:
DA S A o A
B o) = VT o) + 17 10p T o
v 5, PA
Viol B gy = T g B puot)
- = 1
R(AP) —— V[VQIJ«] Ap oy 5 T% Qo Ap
@ Three independent rank-2 tensors defined from the first contractions of the
curvature tensor:
R/u/ = R)\HAV ) R;u/ = RMA VA RAAW/ = V[VQM])\)\ .
@ Unique scalar and pseudoscalar curvatures:

- - - 5\ -
R=g""R,, , *R=e"""Ryu.
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Overview of the Talk

9 Teleparallel theories
@ Trinity of Gravity
@ Modified Theories with torsion and applications (Metric TG)
@ Theories with Nonmetricity and applications (Symmetric TG)
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Teleparallel theories

o Teleparallel condition:

RFype = RMypo + V,N* g — Vo NH,, + N¥ N7, — N* o N7, = 0.
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Teleparallel theories

o Teleparallel condition:
RFype = RMypo + V,N* g — Vo NH,, + N¥ N7, — N* o N7, = 0.

@ Now, by contracting the curvature tensor R = g"”R?,,,, we find

Ricci scalar decomposition
R=R+ (T + 2@M(\/—gTﬂp“)) + (Q +V,.QM, — %Q,ﬁ‘”) +C=0

with
T := TPT, 5, + 2TPACT, \ — AT, TPy, Torsion scalar,
1 1 1 1 .
Q= — QOL,@’YQQB’Y + > Qaﬂ,yQBO‘“/ + A QaQ* — o Qa Q" , Nonmetricity scalar,

C:= Q(QHpATAKp + Qo7 TP — Q6T "x).
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Teleparallel theories

o Torsional teleparallel theories (or Metric teleparalellism) assumes
@ = R=0andthen R = —T + B and then the TEGR:

1
STEGR = / [_WT + Lm] ed*z.
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Teleparallel theories

o Torsional teleparallel theories (or Metric teleparalellism) assumes
@ = R=0andthen R = —T + B and then the TEGR:

1
STEGR = / [_ﬁT + Lm:| ed*z.

o Symmetric teleparallel theories assumes T' = R = 0 and then
R = —Q + Bg and then the STEGR:

1
SSTEGR = / [—2—’%2@ + Lm] V=g diz .

@ Then, these two theories are equivalent (classicality) to GR.
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Flat spacetime

T 42D, T" = Q + 2D, (Q" — Q)

Geometrical trinity of gravity (S. Bahamonde et.al., “Teleparallel Gravity: From Theory
o Cosmology,” Rept. Prog. Phys. 86 (2023) no.2, 026901.; J. Beltran Jiménez, L. Heisenberg and
. S. Koivisto, “The Geometrical Trinity of Gravity,” Universe 5 (2019) no.7, 173.)



(some)Modified Torsional Teleparallel theories

@ The simplest modification is called New General Relativity k. Hayashi and T. Shirafu,
Phys. Rev. D 19 (1979), 3524-3553

LNgr = ClT“VpT#,,p aF CQT“VPTPV” aF C3T‘MMPTI,V'D .
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(some)Modified Torsional Teleparallel theories

@ The simplest modification is called New General Relativity k. Hayashi and T. Shirafu,
Phys. Rev. D 19 (1979), 3524-3553

LNGR = ClT“VpTu,,p F CQT“V’)TPU” A C3T“NPTVV‘O .

@ Whenc, =1/4,¢0 =1/2,c5 = —1 we get TEGR (or GR).
@ Ghost avoided only in two possibilities:

@ 1-parameter NGR - but it is strongly coupled J. geltran Jiménez and
K. F. Dialektopoulos, JCAP 01 (2020), 018

@ Type 3 NGR - new branch healthy just found s. sanamonde, . Biixt,

K. F. Dialektopoulos and A. Hell, arXiv:2404.02972.
@ Another popular modification is r. Ferraro and F. Fiorini, Phys. Rev. D 75 (2007), 084031

Ley = f(T).

@ It has been highly analysed in cosmology - it gives interesting
phenomenology.

Q However, it is strongly coupled in Minkowski and even in non-flat

FLRW s. Bahamonde, K. F. Dialektopoulos, M. Hohmann, J. Levi Said, C. Pfeifer and E. N. Saridakis, Eur. Phys. J.
C 83 (2023) no.3, 193
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(some)Modified Torsional Teleparallel theories

@ It seems that the simplest modifications are pathological. More general
theories that requires further analysis
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@ Of course we get f(R) in a limit, but there is more.
Q Interesting applications to cosmology.
Q@ New dof appearing in Minkowski 2+1 (scalar). Is this theory healthy in
some regime?
@ Gauss-Bonnet theories:

Lop=-T— %/3 8,90"p + G ()T + 22Ga(¥)Ba

Q Here, G = Ropu R — 4R03R*® + R? = T + Bg.

Q |Interesting in black holes: scalarization (spontaneous) is triggered by
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(some)Modified Torsional Teleparallel theories

@ It seems that the simplest modifications are pathological. More general
theories that requires further analysis
o £f(T,B) = f(T, B) gravity where B = VHT” = R — T": s. Bahamonde, C. G. Bhmer and
M. Wright, Phys. Rev. D 92 (2015) no.10, 104042
@ Of course we get f(R) in a limit, but there is more.
Q Interesting applications to cosmology.
Q@ New dof appearing in Minkowski 2+1 (scalar). Is this theory healthy in
some regime?
@ Gauss-Bonnet theories:

Lop=-T— %/3 8,89 + 0161 ()T + 22Ga(¥) B

Q Here, G = Ropu R — 4R03R*® + R? = T + Bg.

Q |Interesting in black holes: scalarization (spontaneous) is triggered by
torsion. s. Bahamonde, D. D. Doneva, L. Ducobu, C. Pfeifer and S. S. Yazadijiev, Phys. Rev. D 107 (2023) no.10,
104013; Phys. Rev. D 108 (2023) no.6, 064044

@ More theories to analyse such as Teleparallel Horndeksi where G5 # 0 is
avoided! s. Bahamonde, K. F. Dialektopoulos and J. Levi Said, Phys. Rev. D 100 (2019) no.6, 064018; S. Bahamonde,

K. F. Dialektopoulos, V. Gakis and J. Levi Said, Phys. Rev. D 101 (2020) no.8, 084060
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(some)Modified Symmetric Teleparallel theories

@ It is possible to construct theories only with nonmetricity.
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@ The most studied modified theory is L) = f(Q) where Q = R — Bg:

@ This theory has 6 dof (using Hamiltonian analysis) k. Tomonari and . Bahamonde,
Eur. Phys. J. C 84 (2024) no.4, 349

Q It was recently shown that this theory always propagate a ghost!
D. A. Gomes, J. Beltran Jiménez, A. J. Cano and T. S. Koivisto, Phys. Rev. Lett. 132 (2024) no.14, 141401

@ It was recently found that the K-essence theory a. a. Bello-Morales, J. Beltran Jiménez,
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is healthy (free from ghosts and no strong coupling problem!)
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(some)Modified Symmetric Teleparallel theories

It is possible to construct theories only with nonmetricity.

Some interesting results in thermodynamics and definition of the

graVitational energy momentum tensor b. A. Gomes, J. Beltran Jiménez and T. S. Koivisto, Phys. Rev.
D 107 (2023) no.2, 024044.

The most studied modified theory is L) = f(Q) where Q = R — Bq:

@ This theory has 6 dof (using Hamiltonian analysis) k. Tomonari and . Bahamonde,
Eur. Phys. J. C 84 (2024) no.4, 349

Q It was recently shown that this theory always propagate a ghost!
D. A. Gomes, J. Beltran Jiménez, A. J. Cano and T. S. Koivisto, Phys. Rev. Lett. 132 (2024) no.14, 141401

It was recently found that the K-essence theory a. . Belio-Morales, J. Beltran Jiménez,
A. Jiménez Cano, A. L. Maroto and T. S. Koivisto, arXiv:2406.19355

L=0Q—-K(Qs3), Q3=Q".Q"\"

is healthy (free from ghosts and no strong coupling problem!)
This theory is a subset of Symmetric Teleparallel Horndeski s. sahamonde, G. Trenkier,

L. G. Trombetta and M. Yamaguchi, Phys. Rev. D 107 (2023) no.10, 104024.
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Overview of the Talk

Q Gauge theories of gravity
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Gauge formalism of metric-affine geometry

9@ A(4,R) = T* x GL(4,R) gauge connection with an independent local metric
structure:

b
Ay =€ Pyt L,
b
uv = e’ u€ vdab

where
w“bu:e“Aeb"F)‘pu—l—e“Aaﬂeb)‘.

Ew. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
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Gauge formalism of metric-affine geometry

9@ A(4,R) = T* x GL(4,R) gauge connection with an independent local metric
structure:

b
A, =€ Py +wpuLs”,
b
uv = e’ u€ vdab

where 5
wabu :e“Aeb"I‘)‘pu—l—e“A@#eb)‘.
@ Generators of the affine group A(4,R):

[Pavpb] :0?
[Labapc] :i§bcPa,
[Lo® Le =i(8°c Lo — 6, L)

Ew. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
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Poincaré gauge theory

@ IS0(1,3) translational and rotational field strength tensors:
F/u/ = Fa,uVPa'i'Fab;wJaba
where

b b
Ty = @@ 1y — 8" -6 g0 @ — 6 i@

Fab;w = auwabu _auwabu +wacuwcbu _Wacuwcbu-
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Poincaré gauge theory

@ IS0(1,3) translational and rotational field strength tensors:
F/u/ = FauVPa'i'Fabquaba
where

b b
Ty = @@ 1y — 8" -6 g0 @ — 6 i@

Fab;w = ,uwabu - aVwabu +wacuwcbu - Wacuwcbu .
@ Correspondence with the torsion and curvature tensors:

A
Fa,uuzea)\T Vi

a a DA
F buy = € )\epr puv -
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Gauge formalism of metric-affine geometry

@ A(4,R) gauge curvatures:

Gab/,b = OpYab — Yac w bu — Gbe W° ap s
I i = B —8,,eau+wabﬂeby—wab,,ebu,

a a a a c a @
F bur = OpWw bl/_al/w bu+w cuW by —W v W py -
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Gauge formalism of metric-affine geometry

@ A(4,R) gauge curvatures:

Gab,u = OpYab — Yac w bu — Gbe W° ap s
I i = B —Gyeau-l-wabﬂeby—wabyebu,

a a a a c a @
F bur = OpWw bl/_al/w bp,+w cuW by —W v W py -

@ Correspondence with the curvature, torsion and nonmetricity tensors:

A d,
Gabu = JacGpae”e pQuApa
A
Fa;w = e"\T v
DA
i buvy = Gbe e” ABCPR puv -
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Dynamics in MAG gauge theories

@ Gravitational action with dynamical torsion and nonmetricity

_ [ p 1 5
S_/d G|~ 1 Lo(RT, Q)]
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Dynamics in MAG gauge theories

@ Gravitational action with dynamical torsion and nonmetricity

_ [ p 1 5
S_/d G|~ 1 Lo(RT, Q)]

@ Correspondence between geometry and matter:

L 0v=9) _ 14 v

V=4 de® v
1 9 (‘CQ vV g) _ bv
=5 owip = 16wA,”".
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Overview of the Talk

e Cosmological perturbations in MAG
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
P;w = Guv +

which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
P;u/ = g;u/ + n,unl/a
which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.

@ Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

1

_ [e%1 «
o = P P X o

l

B1pn = X(Ml"'ﬂn) )
g — L — X Mibn — .. — X Mibn —
1oty b = = Xy PHHE = = Xy PFHE = 0.

1
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
Pp,u = g;u/ + n,unl/a
which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.

@ Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

1

_ [e%1 «
o = P P X o

l

B1pn = X(Ml"'ﬂn) )
¢ MK — L — X Mibn — .. — X Hibn —
Xppoopyogn PP = o= X PR — = X PRt — ()

@ One can then straightforwardly decompose scalar and vectors:

p=9¢, X,=X,-n.X..
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

LeGuy = LeT> 1 = LeQ = 0.
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

Egg,“, = ﬁgTA wv = ‘Cg@)\ w =0.

@ By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

g = —nynydet ®@da” + Pm,dx“ ®dz¥ = — N2dt @ dt + a27ijd:ci ®dz?
1?"” = 2T\ (t) ny Py + 2To(t) £7 4 pit”
Q)\[LV = 2Q1(t)ﬁ)\ﬁ/unu < 2Q2( )n)\P,uu i 2Q3( )PA [tnl/) )

where v;;dz’ @ dz? = 1_d§<2rz + r2dQ2. Note that there are 5 independent
functions coming from Post-Riemannian.
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

;ngl“, = ﬁgTA wv = CgQ)\ w =0.

@ By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

g = —-nun,drt @ds” + P, da @ dz¥ = — N2dt @ dt + azmjd:ci ®da?,
Ji“*w = 2T\ (t) ny Py + 2To(t) £7 4 pit”
Q)\[LV = 2Q1(t)7_7/)\ﬁunu < 2Q2( )n)\P,uu i 2Q3( )PA p,nl/) )

where v;;dz’ @ dz? = 1_d§<2r2 + r2dQ2. Note that there are 5 independent
functions coming from Post-Riemannian.

@ Our aim is to perform a 3 + 1+SVT-decomposition for all the tensors in MAG
up to linear perturbations to then write:

guuzguu+59uV7 T)\}LV:T)\;LV+6T)\/LV7 Q)‘/WZQ_)\;W‘F(SQA;W~
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)
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describing background cosmology only. A few models (very specific)
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

@ So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.

@ The majority of these studies predominantly focus on torsion.

@ Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.

@ Dark energy can be explained by the scalar modes of torsion.

@ It is possible to find inflationary models such as Einstein-Cartan
couple to Higgs or other more complicated ones which are compatible
with observations.
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + 65’\ ourSP + 1
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Irreducible decomposition of the torsion tensor
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Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + ga’\ ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, =T, — 2 (1, T, — * . T,,) — 22 5P
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + ga’\ ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 -
Ql)\;w = 5 (g)\uAu + g)\uAp,) - ng,VAA + §€Apa'(p,Qu) PO+ D\ -
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1
T = = (5A -8, T, )+65 ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 :
Q{)\uu = (g)\MA + g)\uA ) Zg/.u/AA + 55)\;70'(#91/) HT S D\ -

o Weyl vector W, = 1Q,, 7,
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + ga’\ ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor
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Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + ga’\ ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 -
Q)\uu = 5 (g)\uAu + g)\uAu) - ng,VAA + §€Apa'(p,Qu) e pv -

o Weyl vector W, = 1Q,, 7,
@ Second vector part A, = § (Q” . — W),
o First tensor part Q\ # = — [eP7Qpox + P 5 (2N, — W,)],
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + Es* ourSP + 1

o Vector part T, = T2 5,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 -
Q)\;w = 5 (g)\,uAu + g)\uAu) - ng,VAA + §€Apa'(p,Qu) PO+ D\ -

o Weyl vector W, = 1Q,, 7,

@ Second vector part A, = § (Q” . — W),

o First tensor part )\ # = — [eP7Qpox + P 5 (2N, — W,)],
@ Second tensor part g = Q(nuw) — 9w W) — 29(uwy)-
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3 + 1 decomposition for FLRW - Torsion sector

@ The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be
decomposed as

T, :fu_”u¢v

Sy =§M —nuo,

= 1 - 1 - 1 =
tuvp = 20, Ap)y + 2(nlm[u + EPH[V)BP] + Efvpaﬂ [_ naAgy + (nﬂn# + EPBN)BQ] ;
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3 + 1 decomposition for FLRW - Torsion sector

@ The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be
decomposed as
T, = T;L —nud,

Sy =‘§u —nuo,

= 1 - 1 - 1 =
tuvp = 20, Ap)y + 2("#”[1/ + §PH[V)Bp] + QEVPaﬂ [_ naAgy + (nﬂn# + EPBN)BQ] ;

@ Then, torsion is decomposed as

a , - —
TO; = — 3 (T + 3By)
2
a — —
T = T2 + 6T = 6N ,

Tio; = — N[4%; - %6"]- (8+0) + %ai]-k(s* - g 3]

i a i i B i i -
T k= — 6{45 [ka] — 66 [jBk] + |:36jkl.A b—g jk (0+ Q)] }
where we have introduced the background T; in the scalars ¢, o.

Sebastian Bahamonde Metric-Affine Gravity (MAG) 26/51



3 + 1 decomposition for FLRW - Nonmetricity sector

@ The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be
decomposed as

Wy =Wy —nub,
Ay =R, —npib,

Quvp = Zn[vgp]u + 2(”#”[1/ + %PN[V):)_}P] + %@paﬁ [_ na@ﬂu + (nﬂnu + %PBM)?"‘] )

~ . 3 .
Quvp = Cuvp = 3n(uRyp) + g(5n(u"” + P(MV)ZP) - (n(unV + P(iw) np)€-
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3 + 1 decomposition for FLRW - Nonmetricity sector

@ The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be
decomposed as

Wy =Wy —nub,
Ay =R, —npib,

—

Quvp = 200 Lol + 2(”#”[1/ + %PN[V)J_};)] + %&IPQB [_ na@ﬂu + (nﬂnu + %PBM)?O‘] )

~ . 3 .
Quvp = Cuvp = 3n(uRyp) + 3(571(”71,, + P(MV)ZP) - (n(unV + P(W) np)€-

@ Then, nonmetricity is decomposed as

Qooo = = N[F+6+ > (5 +v) - (€+9)]
NZ2a 1 =
Qooi = — 5 (Aifg i*QZi)
2
Qm‘j=—N%{Qij—3ﬁij—3[§+9—i(@+¢)+§(§_+f)]%’j}

- 2 (2 1o 1o o
Qioo = —N2 a(Wi - ZAi e gyi _ Zi)
N _ B . )
Qioj = ——{[@ig +6Rij + (3 (B + ) +2 (€ +)is] -3e134 7" }

- 1. . 1 . . 3 . 2 =
Qijrk = a3{Cijk + Z(4Wi —Ri)vik + Vi Ary — E(ijYi =i Yr)) + FRCED RS

where we have introduced the background Q; in the scalars 6,1, &.
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Summary of modes

@ We can group the modes as:

0X = {a, ¢, 6, 0,0,8, &},
§X; = {6, T;,Si, Bi, Bi, Wi, A, Vi, Vi, Zi}
6Ky; = {hij, Aij, Aij, Qijy Qg Rig}
6Xije = {Cijr} -
where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.
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Summary of modes

@ We can group the modes as:

55{ = {a7<7 ¢7 Qa 97 ¢7€}7

65{7: = {g’iaﬁa‘iaB'ivgi’wivxivﬁ’j’i’zi}7
6Xi; = {hij, Aij, Aij, @iz, Qi R}
6Xije = {Cijr} -

where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.

@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components
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Summary of modes

@ We can group the modes as:
0X = {a,¢,6,0,0,9,},

§X; = {6, 1., Si, Bi, By, Wi, Ky, Vi, Vi, Z3 )
0Xij = {hij, Aij, Aij, Qi Oijy Ri}
Xz = {Cujn} -
where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.

@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components

@ The 40 dof of the nonmetricity perturbations are split as
14+3+6+3+9+ 18 dof.
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Summary of modes

@ We can group the modes as:

0X = {a, ¢, ¢, 0,09, €},
65{1‘ = {/B;? T"iv ‘S_’;a B"L'v gi’ Wiy K’h )_/"i’ 3_};’ Z"L} )
6Xije = {Cijr} -

where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent

components, respectively.
@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof

among the above components
@ The 40 dof of the nonmetricity perturbations are split as

14+3+6+3+9+18 dof.
Spin and Parity ot [o— | 1t 1- 2t 2= | 3~
o | Metric sector g, ¢ | - | - ] 1 }zij - -
Torsion sector 7%, 1) o | Si,B; T;, B; Aij A | -
Nonmetricity sector Q,,, | 6,¢,¢ | - Vi | Wi, K, Y, Zi | Gij, R | Qi | Cign

Table: Species in MAG. k. Aoki, S. Bahamonde, J. Gigante Valcarcel and M. A. Gorji, “Cosmological
Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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Helicity (SVT) decomposition

@ After the 3 + 1 decomposition, we only need to deal with the spatial scalar
and tensors with Latin indices belonging to the maximally symmetric space
vi; (and with the “external” parameter t).
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Helicity (SVT) decomposition

@ After the 3 + 1 decomposition, we only need to deal with the spatial scalar
and tensors with Latin indices belonging to the maximally symmetric space
vi; (and with the “external” parameter t).

@ Let us decompose them into different helicity sectors:

6X; =D;8 + v,

T)

2 1 52 ( (TT)
qu,'j = (D(ZDJ) — g’YijD )S ar D(ZV]) + Tij 9

. 1 1
65 = [D(iDjDk) ~ 7D (3D% + 4K)] S+ [D(iDj — e (B 2K)]V,Sf) +DT "

Here, the superscript “(T)” refers that the quantity is transverse, while the tensors denoted by
the superscript “(T'T)” are transverse-traceless and symmetric:

Divi" =0,
irp(TT) _ (T i _ (TT) _ p(TT)
DT D =T Dy¥ =0, TGO =T4,
i (TT) _ (TT) 45 (TT) _ (TT)
D'TT" =TT =0, TT(" =TT
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SVT decomposition around FRW

@ Thereby, the 10 dof described by the metric perturbations are split in
terms of four scalars {«, 3, (, h} (1 dof each), two transverse vectors

{ﬁi(T), hl(.T)} (2 dof each), and one symmetric and transverse-traceless
tensor hz(-jTT) (2 dof).
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SVT decomposition around FRW

@ Thereby, the 10 dof described by the metric perturbations are split in
terms of four scalars {«, 3, (, h} (1 dof each), two transverse vectors
{ﬁi(T), hl(.T)} (2 dof each), and one symmetric and transverse-traceless
tensor hz(.jTT) (2 dof).

SVT Quantities dof Total dof
5 scalars {T, B, ¢, A, o} 1 dof each 5
3 pseudoscalars {S8,B, A} 1 dof each 3
o | 3 vectors {T(T) B(T) A(T)} 2 dof each 6
3 pseudovectors {S; (T) B .A(T)} 2 dof each 6
1 rank-2 tensor {A(TT)} 2 dof each 2
1 rank-2 pseudotensor {.AZ(-;-PT)} 2 dof each 2

Table: Perturbation spectrum for the torsion tensor.k. Acki, s. Bahamonde, J. Gigante
Valcarcel and M. A. Goriji, “Cosmological Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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SVT decomposition around FRW

SVT Quantities dof Total dof
10 scalars {0,v,6, MY, Z,k,Q,W,C} 1 dof each 10
2 pseudoscalars {y,9} 1 dof each 2
° 7 vectors (AT, Y™,z M QM W, ¢} | 2 dof each 14
2 pseudovectors {;)i(T)i7 Q(T)i} 2 dof each 4
3 rank-2 tensor {n(TT)U, QT 39 @) o 2 dof each 6
1 rank-2 pseudotensor {0} 2 dof each 2
1 rank-3 tensor {00} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.
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SVT decomposition around FRW

SVT Quantities dof Total dof
10 scalars {0,v,6, MY, Z,k,Q,W,C} 1 dof each 10
2 pseudoscalars {y,9} 1 dof each 2
° 7 vectors (AT, Y™,z M QM W, ¢} | 2 dof each 14
2 pseudovectors {;)/(T)i7 Q(T)i} 2 dof each 4
3 rank-2 tensor {n(TT)U, QT 39 @) o 2 dof each 6
1 rank-2 pseudotensor {0} 2 dof each 2
1 rank-3 tensor {00} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.

@ Note that the spin-3 carries a helicity-3 part and sice the metric does
not have such terms, it totally decouples from the other modes in
FLRW.
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SVT decomposition around FRW

SVT Quantities dof Total dof
10 scalars {0,v,6, MY, Z,k,Q,W,C} 1 dof each 10
2 pseudoscalars {y,9} 1 dof each 2
° 7 vectors {AM, Y™, 2™, ™, QM W™, ¢} | 2 dof each 14
2 pseudovectors VM, oM} 2 dof each 4
3 rank-2 tensor {n(TT)U, Q(TT)U, C’<TT)ij} 2 dof each 6
1 rank-2 pseudotensor {0} 2 dof each 2
1 rank-3 tensor {00} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.

@ Note that the spin-3 carries a helicity-3 part and sice the metric does
not have such terms, it totally decouples from the other modes in

FLRW.
@ We studied this spin-3 part finding

EA 4 3HCA 4 W12 = JA)
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Overview of the Talk

e Stability in Metric Affine Gauge theories
@ Stability issues in quadratic Poincaré gauge theory
@ Cubic extensions
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Vector and axial sectors in quadratic Poincaré gauge theory

o Class of quadratic Poincaré gauge models that are reduced to
General Relativity in the absence of torsion:

1 D D v 1 D DY D, D v
So= 1= [CZRAWR*W’ — R— 2 (201 + c2) Ragyu R A 4 ey R R

+ diR,. (R’“’ - RV“) + %(m%TMT” +m%S,8" + mftwutw”)] V—gd'z.
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Vector and axial sectors in quadratic Poincaré gauge theory

o Class of quadratic Poincaré gauge models that are reduced to
General Relativity in the absence of torsion:

1 D D v 1 D DY D, D v
So= 1= [CZRA,WRW — R— 2 (201 + c2) Ragyu R A 4 ey R R
1

+ diR,. (R’“’ - RV”) + 5( T, T" + m%S,58" + mfb\wt)‘””)] V—gd'z.

@ Focusing on the vector and axial modes of torsion:

2
3

9 o1 ”
+ 5 CTogow T + 9r0 90, TeT7) + =5 (25009p11uSu) + 9710 901052:5°)

. 1
Ropur = Bopur + 5 (930 VT = 9o Vi Ta) + 53001V S”

1 ) o o
+ == [26en T S7 + (gawEulpow — GolvEnirow) T75%]

18
= 1 A 1 A @
Ruu = R,u,u - § (QVVTH + gp,uv/\T ) + EE)\py,yv S
2 A 1 A
+5 (LT - uDT) + = (95:8* - 5.5.) -
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Vector and axial sectors in quadratic Poincaré gauge theory

@ Instabilities in the vector and axial sectors:

1 w Al »
£ g (e + e+ 2dn) FD pTwy _ =5 (der + 2+ dn) F) pSm

1 v

+ ﬁ (Cz — 201) VHSNVVS + E (Cl — 202) StS V,,,Tl,
108 (401 +02)S SH N2 T + E (201 _CQ)TMS Y S

+ % (der + c3) Gy S*S” + i (4c1 + ¢2) RS,.S"
162 (401 —+ 02)T T”S SY + 8_ (262 — Cl)T SH T, SY
1 1

ol EmTTMTI—L + 57’7155'“5” °

and then ¢1 = ¢2 = d1 = 0 (only the masses survives in general backgrounds!)
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Vector and axial sectors in quadratic Poincaré gauge theory

@ Instabilities in the vector and axial sectors:
£ é (4c1 + ¢+ 2dy) FSD RO _ 712 (4c1 + c2 + di) FO FOm

1 1
+ — (Cz — 261) VHS;LVUSV + — (Cl — 202) S“SVVMTI,

24 27

_ ﬁ (4c1 + c2) SuS* V., T + % (2c1 — c2) T*S" V., S,
+ % (41 4 ¢2) G S*S” + % (4e1 + c2) RS, 5"

_ 1%2 (4er + e2) T, T"S, 8" + Sil (2c2 — e1) T S"T, 8"
+ %m%TuT“ + %m%sus” :

and then ¢; = ¢2 = di = 0 (only the masses survives in general backgrounds!)

Important problem!

It is not possible to have a stable propagating torsion tensor in quadratic Poincaré
gauge theory for general backgrounds
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Cubic Poincaré gauge theory

o Cubic parity preserving branch with mixing terms:?

(3) — r® ®3) @) (3) () ®3)
Lenrv—tors = ERTT + ERSS’ - Eﬁitt + [’RTS - 'CRTt - ERSt ’
LY =R, T'T" + ho RT,T", LS = hgR,. S"S” + haRS,S"

Lgt)t = h5R>‘P“"t‘7)\ptduu + hﬁR)\puvtaA”topu + h7R>\ﬂuut)\patU“”
+ s Rpunt™ ot7 + ho Ropyunt™ 0177 + hao Rty 7
+ hllR)\ptull)\tqu + hlgfit)\putk"” ,
Egi)“s = h135ApWR>\puVTUSU + h14EuApURApuaT”SV + h155>\pl“/R)\pTuSu »
Lg;t = hi6Ropun T 4 hir Rappu TP + has R, Tt + hao Ry, Tt ™"
Eg;t = hZOSQP“”RTpWSA{taT'y + h215apuu[%-rp”"5'yt'yar
+ h225apwépmuswtvm + h23€apuVR’7liTuSat7pT

+ h24“50¢puuFh")fy;u—wgo‘tm—’Y + h255apTuRM'ySatpT7 + h26€Ap“yR>\pSgtauy o

28. Bahamonde and J. Gigante Valcarcel, Phys. Rev. D 109 (2024) no.10, 10
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Vector and axial sectors in cubic Poincaré gauge theory

@ Stable vector and axial sectors:
Lo —R+ % (4c1 + co + 2dy) FSD) F(Dmv _ % (4c1 + ¢z + di) FS) FSmv
n i (c2 — 2¢1) V,uSHV, 8% + 5i4 [2¢1 — dca — 9 (4hs + 6has + h1a)] SHS¥ VT,
- % [der + ca + 9 (4hs + 24hy + 2h14 — hys)] SuSHV, T
+ %8 [2¢1 — c2 — 3 (6h13 + h1a — h15)] THSYV Sy — 2k T, THV,TY
—;wmqmﬁMWn&¢n+%@q+@+%mmwwy

1 1

+ 5 [401 +c2 + 36 (hs + 2h4)] RSHS’“ + hlGHyT”"TV + 5 (h1 + 2h2) RTHT”
1

— @ [1661 +4co — 9 (h1 + 3ho — 16hg — 48hy — 8h14)] T,,LT”"SDSV

1
+ @ [1602 —8c1 — 9 (h1 — 16hg — 48h13 — 8h14)] THS/"TVSV

2 1 1 1
-gmnwnw+imaway+?ﬁnw+?@&w.
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Vector and axial sectors in cubic Poincaré gauge theory

o First stability constraints (6 equalities):
hy 1

co = 2c1, hQZ_?a h3=—6(01+6h13),
h
hy = $7 his = —2hi3, his = 4hy3.
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Vector and axial sectors in cubic Poincaré gauge theory

o First stability constraints (6 equalities):
h 1
co = 2c1, hzz—?l, h3=—6(01+6h13),
hy = %, his = —2hi3, his = 4hy3.

@ Reduced Lagrangian:
2 1
Lo —R+ o (3er+d1) F{D Mk _ — (6e1 +d1) B R(Sne
+ 20 T THV L TY + 4hy3e™ PPV Ty S0, Ty + h1 Gy THTY — h13Gpy SHSY

+i(16h13—h1)T TS Sy+i(16h13—h1)T sk, s¥

144 i 72 ne Ty

1 v 1 v 1 2 n 1 2 m
+ gth,LT“TL,T + EthuS“SyS + EmTT,LT + 5mSS“S 5

Complete theory contains 23+3 constants. Clearly — 4 < ¢; < — 4 d; <0.
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Vector and axial sectors in cubic Poincaré gauge theory

o First stability constraints (6 equalities):
h 1
co = 2c1, hzz—?l, h3=—6(01+6h13),
hy = %, his = —2hi3, his = 4hy3.

@ Reduced Lagrangian:
2 1
(T) p(Typr _ L (8) p(S)uv
LK—R+§@q+@)@VF qu+dg@VF
+ 20 T THV L TY + 4hy3e™ PPV Ty S0, Ty + h1 Gy THTY — h13Gpy SHSY

+i(16h13—h1)T TS Sy+i(16h13—h1)T SsHT,SY

144 i 72 ne Ty

1 v 1 v 1 2 n 1 2 m
+—§h1TﬁT“TLT 4fzghlgs#sﬂsys +—57nTTﬁT —fgrnSS“S :

Complete theory contains 23+3 constants. Clearly — 4 < ¢; < — 4 d; <0.

Conclusion 1: Problem solved

By adding Cubic interactions, it is possible to construct a stable theory
with propagating torsion in the gauge formalism
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
Ty = 5 (5A N uT,,) + éa* ourSP + 8

1 1 1
Qz\uu = guVW)\ + 5 (g)\;l,AV + gz\uAu) - Zg/.WAA + ga)\pa(uﬂu) e Qv -
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
Ty = 5 (5A N uT,,) + éa* ourSP + 8

1 1 1
Qz\uu = guVW)\ + 5 (g)\;l,AV + gz\uAu) - Zg/.WAA + ga)\pa(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
Ty = 5 (5A N uT,,) + Ee>‘ ourSP + 8

1 1 1
Qz\uu = guVW)\ + 5 (g)\;l,AV + gz\uAu) - Zg/.WAA + ga)\po(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
T 3 (5A Wy = & ,LT,,) + 66)‘ S A ¢

1 1 1
Qkuu = guVW)\ + 5 (g)\p,AV + gAuAu) - Zg/.WAA + ga)\po'(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.

@ It was shown before that torsion cannot be propagating and nonmetricity can
propagate:

LQuad = — R+ QR(AP);W (aQRO‘p)“V + 2a5R(AH)pV) + a1aB* . BP
+a15(Ruv — Ruw) R AP + a10(Ruw — Ryuw) (R* — R*)

1 ~ ~ ~ N
— 5 (20.10 + az + (15) (R;u/ - R/U/) (}'ZV'u - RV”) + Lmassterms -
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
T 3 (5A Wy = & ,LT,,) + 66)‘ S A ¢

1 1 1
Qkuu = guVW)\ + 5 (g)\p,AV + gAuAu) - Zg/.WAA + ga)\po'(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.

@ It was shown before that torsion cannot be propagating and nonmetricity can
propagate:

LQuad = — R+ QR(AP);W (aQRO‘p)“V + 2a5R(AH)pV) + a1aB* . BP
+a15(Ruv — Ruw) R AP + a10(Ruw — Ryuw) (R* — R*)

1 ~ ~ ~ N
— 5 (20.10 + az + (15) (R;u/ - R/U/) (}'ZV'u - RV”) + Lmassterms -
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
T b = 5 (5* N ,LT,,) + Ee* o SP 1

1 1 1
Qkuu = guVW)\ + 5 (g)\p,AV + gAuAu) - ZQ/U/AA + gakpa(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.
@ It was shown before that torsion cannot be propagating and nonmetricity can
propagate:
LQuad = — R+ 2R(Ap)wj (azﬁio\p)‘w + 2a5R(A“)pu) + a14R)‘)\MVRpp‘W
+ a5 (Ruu - Euy)]:?)\/\l“/ + a0 (Ruu - Ruu) (RMV - RHV)

1 ~ ~ ~ N
— 5 (20.10 + az + (15) (R;u/ - R/U/) (RWL - RV“) + Lmassterms -

New question to address

Is it possible to have both torsion and nonmetricity propagating in a
stable theory?
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Cubic Metric-Affine Gravity

@ Similarly as before, we can introduce cubic interactions and add the
quadratic MAG Lagrangian (soon in arXiv)

3 3 3
Lcubic = EQuad + £<(:u)rv—tors + ‘C<(:u)rv—nonm + ‘C<(:u)rv—tor—nonm
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Cubic Metric-Affine Gravity

@ Similarly as before, we can introduce cubic interactions and add the
quadratic MAG Lagrangian (soon in arXiv)
3 3 3
Lcubic = EQuad + £<(:u)rv—tors + ‘C<(:u)rv—nonm + ‘E((:u)rv—tor—nonm
@ The first contribution Lg’l)rv_tors comes from mixing terms which depend
linearly on the curvature tensor and quadratically on the torsion tensor (more
terms now).
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Cubic Metric-Affine Gravity

@ Similarly as before, we can introduce cubic interactions and add the
quadratic MAG Lagrangian (soon in arXiv)
Loubic = Lquad + L0 _tors + Lo o

curv—nonm + Ecurv—tor—nonm

@ The first contribution Lg’frv_tors comes from mixing terms which depend
linearly on the curvature tensor and quadratically on the torsion tensor (more
terms now).

@ The second contribution cgilv_nonm comes from mixing terms which depend

linearly on the curvature tensor and quadratically on the nonmetricity tensor
(e.g. W, W, R*)
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Cubic Metric-Affine Gravity

@ Similarly as before, we can introduce cubic interactions and add the
quadratic MAG Lagrangian (soon in arXiv)

3 3 3
Lcubic = ['Quad + £<(:u)rv—tors + ‘C<(:u)rv—nonm + Egu)rv—tor—nonm

@ The first contribution Lg‘?w_tors comes from mixing terms which depend
linearly on the curvature tensor and quadratically on the torsion tensor (more

terms now).

@ The second contribution cgilv_nonm comes from mixing terms which depend
linearly on the curvature tensor and quadratically on the nonmetricity tensor
(e.g. W, W, R*)

@ The last contribution ,cgilv_tor_nonm comes from mixing terms which depend
linearly on the curvature tensor and linearly on both torsion and nonmetricity
tensors (e.g. A, T, R*).
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Cubic Metric-Affine Gravity

@ Similarly as before, we can introduce cubic interactions and add the
quadratic MAG Lagrangian (soon in arXiv)
Lcubic = EQuad + Ef:?l)rv—tors + ‘C<(:?L)1)rv—nonm + E(S)

curv—tor—nonm

@ The first contribution Lf:i)rv_tors comes from mixing terms which depend
linearly on the curvature tensor and quadratically on the torsion tensor (more
terms now).

@ The second contribution ﬁgilv_nonm comes from mixing terms which depend
linearly on the curvature tensor and quadratically on the nonmetricity tensor
(e.g. W, W, R*)

@ The last contribution ,cgilv_tor_nonm comes from mixing terms which depend
linearly on the curvature tensor and linearly on both torsion and nonmetricity

tensors (e.g. A, T, R").

Conclusion 2: Problem solved in MAG as well

By following a similar and much more complex analysis: “By adding
Cubic interactions, it is possible to construct a stable theory with
propagating torsion and nonmetricity in the gauge formalism”
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Reissner-Nordstrom-like black holes

o Explicit symmetries on the metric and torsion tensors:

‘Cfglﬂ/ = E&T)‘ p = E&Q)\m, =0 = EgRA ppv = 0.
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Reissner-Nordstrom-like black holes

o Explicit symmetries on the metric and torsion tensors:

‘Cﬁglﬂ/ = E&TA p = E&Q)\M,, =0 = ﬁgR)‘ ppv = 0.

@ Static and spherically symmetric space-times:

410 — #2 {ds2 — (a2 — -

Tt
tr
#24 — #8 { ™ o
e S
Qe

Qt9v
#40 - #1277

Qory

Sebastian Bahamonde

2

Uy(r)
T" 4 Tﬂ tY
Tﬂ ty Tﬁ re
T" 9o

Qtrr Qttr
Q'rtt Q'r‘r'r
Qrov  Qory
Qﬂttp Qﬂrcp

Metric-Affine Gravity (MAG)

—r? (d9® + sin® ddp?) ;




Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
\I’(T) =1—-—+4 T—Q(Hl,‘ﬂ:g =4 Hgli(zi aF H3Iﬂ?§h) .
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
\I’(’I") =1—-—+4 T—Q(Hl,‘ﬂjg =4 Hgli(zi aF H3I€gh) .

@ Here, ks, kq and kg, represent the spin, dilation and shear intrinsic
charges.
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
\I’(’I”) =1—-—+4 T—Z(Hlﬂg =4 Hgli(zi aF Hglﬂjgh) .

@ Here, ks, kq and kg, represent the spin, dilation and shear intrinsic
charges.

@ Itis important to mention that the in this theory both torsion and
nonmetricity are propagating and moreover, their spin-2 and spin-3
parts are dynamical.

Sebastian Bahamonde Metric-Affine Gravity (MAG) 41/51



Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
U(r)y=1— —+ T—Q(ng + Hyk2 + Hgngh) .

@ Here, ks, kq and kg, represent the spin, dilation and shear intrinsic
charges.

@ Itis important to mention that the in this theory both torsion and
nonmetricity are propagating and moreover, their spin-2 and spin-3
parts are dynamical.

o All the masses of the tensor modes of torsion and nonmetricity are
different from zero — We evaded the Weinberg-Witten no-go
theorem (massless higher-spin fields are pathological)
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Overview of the Talk

@ Algebraic Classification in MAG
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How is the procedure for algebraic classification?

@ The complete classification of the relevant tensors in Riemannian
geometry is known.

Sebastian Bahamonde Metric-Affine Gravity (MAG) 43/51



How is the procedure for algebraic classification?

@ The complete classification of the relevant tensors in Riemannian
geometry is known.

o Broadly speaking, the steps followed are:
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How is the procedure for algebraic classification?

@ The complete classification of the relevant tensors in Riemannian
geometry is known.

@ Broadly speaking, the steps followed are:
O Decompose the curvature tensor into its irreducible modes:
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How is the procedure for algebraic classification?

@ The complete classification of the relevant tensors in Riemannian
geometry is known.
@ Broadly speaking, the steps followed are:
O Decompose the curvature tensor into its irreducible modes:

Riemmanian Curvature decomposition

1 1
R)\py,u = W)\puu + 5 (g)\[,b)R(py + ng)R()\,u - g)\VRpp, - gPMR)\u) + é Rg)\[ugu]p )
#20(R)\py.u) = #1O(W)\pl.w) + #Q(Rpu) + #I(R) 0
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How is the procedure for algebraic classification?

@ The complete classification of the relevant tensors in Riemannian
geometry is known.
@ Broadly speaking, the steps followed are:
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@ Analyse algebraic properties for each mode: One can formulate an
eigenvalue problem or use principal null directions to find the different
types.
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How is the procedure for algebraic classification?

@ The complete classification of the relevant tensors in Riemannian
geometry is known.
@ Broadly speaking, the steps followed are:
O Decompose the curvature tensor into its irreducible modes:

Riemmanian Curvature decomposition

1 1
R)\PI-W = WAPMV + 5 (gA#/R(pu + gPV,R()\,u - g)\VRp,u - gPM)R()\u) + 6 ng[ugu]p )
#20(R>\puu) = #10(W)\pw/) + #Q(Rpu) + #1(R) 0

@ Analyse algebraic properties for each mode: One can formulate an
eigenvalue problem or use principal null directions to find the different
types.

@ Result in Riemannian geometry: Weyl has 6 types (Petrov
classification); Ricci traceless has 15 types(Segre classification);
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How is the procedure for algebraic classification?

@ The complete classification of the relevant tensors in Riemannian
geometry is known.
@ Broadly speaking, the steps followed are:
@O Decompose the curvature tensor into its irreducible modes:

Riemmanian Curvature decomposition

1 1
Rxppv = Wippw + 2 (gAy.Rpu + gpu,R()\y, - g)\VRpp, - gpuR)\y) + 6 Rg)\[p,gulp )
#20(R>\puu) = #10(W)\pu1/) + #Q(Rpu) + #1(R) 0

@ Analyse algebraic properties for each mode: One can formulate an
eigenvalue problem or use principal null directions to find the different
types.

@ Result in Riemannian geometry: Weyl has 6 types (Petrov
classification); Ricci traceless has 15 types(Segre classification);

@ What happens in GR in vacuum? &, = R = 0 and then the
curvature is fully characterised by the Weyl tensor with their 6 types.

Sebastian Bahamonde Metric-Affine Gravity (MAG)



Null directions and the Petrov Classification - Weyl tensor

@ This classification can be derived by means of its principal null directions
which requires expressing any tensor in terms of a set of null vectors [,,, k,,,
my,, and my,;

K, = —mfm, =1,

ktm,, ktmy, = Wm, =l"m, =0,

kB = Bl =mfm, = mf = 0.
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ktm, = k'm,=101Vm, =101m, =0,
kB = Bl =mfm, = mf = 0.

@ An algebraic classification of any tensor can then be obtained by defining its
PNDs and their levels of alignment.
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Null directions and the Petrov Classification - Weyl tensor

@ This classification can be derived by means of its principal null directions
which requires expressing any tensor in terms of a set of null vectors [,,, k,,,
my,, and my,;

K, = —mfm, =1,

ktm,, ktmy, = Wm, =l"m, =0,

kB = Bl =mfm, = mf = 0.

@ An algebraic classification of any tensor can then be obtained by defining its
PNDs and their levels of alignment.

Algebraic type | Segre characteristic Intrinsic characterisation
I [111] Uy DW g P = 0
I [21] DWW, gl =0
[+ D [(an1i OWypupp b6 = DWWy, 0P =0
M [3] DWy gl =0
N (1] DWWyl =0
o (-] (1)W>\/mv =0
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Why is this classification useful?

o Einstein’s field equations are in general difficult to solve and
symmetries are needed for obtain exact solutions.
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o Einstein’s field equations are in general difficult to solve and
symmetries are needed for obtain exact solutions.

@ It is mathematically important to classify the curvature to understand
possible extra symmetries of a system.

@ Reissner-Nordstrém and also Kerr-Newman have a very particular
characterisation which is known as Type D. Not only the Weyl tensor
is Type D in those cases but also the Faraday tensor fulfills a similar

property.

Sebastian Bahamonde Metric-Affine Gravity (MAG)



Why is this classification useful?

o Einstein’s field equations are in general difficult to solve and
symmetries are needed for obtain exact solutions.

@ It is mathematically important to classify the curvature to understand
possible extra symmetries of a system.

@ Reissner-Nordstrém and also Kerr-Newman have a very particular
characterisation which is known as Type D. Not only the Weyl tensor
is Type D in those cases but also the Faraday tensor fulfills a similar
property.

@ The most general Type D solution in Einstein-Maxwell is known as the
Plebanski-Demianski characterised by { M, a, o, N} (mass, angular
momentum, acceleration and Nut charge) and the electromagnetic
charges.

Sebastian Bahamonde Metric-Affine Gravity (MAG)



o Einstein’s field equations are in general difficult to solve and
symmetries are needed for obtain exact solutions.

@ It is mathematically important to classify the curvature to understand
possible extra symmetries of a system.

@ Reissner-Nordstrém and also Kerr-Newman have a very particular
characterisation which is known as Type D. Not only the Weyl tensor
is Type D in those cases but also the Faraday tensor fulfills a similar
property.

@ The most general Type D solution in Einstein-Maxwell is known as the
Plebanski-Demianski characterised by { M, a, o, N} (mass, angular
momentum, acceleration and Nut charge) and the electromagnetic
charges.

@ Goldberg-Sachs theorem: A vacuum solution of the Einstein’s field
equations admits a shear-free null geodesic congruence if and only if
the conformal part of the Riemann tensor is algebraically special.
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Curvature decomposition in Metric-Affine geometry

@ First, we need to find the building blocks of the general curvature tensor

(recall that in Riemannian geometry, we had 3: Wap,,, K, and R).
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@ We can decompose:
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Curvature decomposition in Metric-Affine geometry

@ First, we need to find the building blocks of the general curvature tensor

(recall that in Riemannian geometry, we had 3: Wap,,, K, and R).
@ We can decompose:

General curvature

RAP/W = R[Ap];w + R(Ap)uv = WAPW + ZAP/W .
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Curvature decomposition in Metric-Affine geometry

@ First, we need to find the building blocks of the general curvature tensor

(recall that in Riemannian geometry, we had 3: Wap,,, K, and R).
@ We can decompose:

General curvature

Z%Ap/w = R[/\p];w + R(Ap)uv = Wx\puv + ZAP/W .

@ We find that there are 11 bUIIdlng blocks s. Bahamonde and J. Gigante Valcarcel, Phys. Rev. D 108
(2023) no.4, 4:

Building block Number of independent components Limit in Riemannian geometry
(I)prw 30 zero
(I)V.V)\puu 10 Weyl tensor W 5.1

ff‘g\T ) zero

©

zero

Ricci traceless R‘WJ

zero

zero

zero

zero
Ricci scalar R
zero

==l OO ©|©| ©
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Algebraic classification in MAG

@ It turns out that the sets { R&fﬁwl ) R&?,,)W], R‘(W), Rﬁfﬁ)} and

{R[(Zj], Rff,}], R\, } contain building blocks with 9 and 6 independent
components.
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Algebraic classification in MAG

@ It turns out that the sets { R&Tgw] 5 R(A?p),w], R(W), RESB)} and

{R[(Zlf], Rff,}], R* .} contain building blocks with 9 and 6 independent
components.

@ Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)

and a standard electromagnetic field F,,,, (6 dof).
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part of nonmetricity:
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Algebraic classification in MAG

@ It turns out that the sets { R(Afp)w] ) R&?,,)W], fi‘(w), R‘ESZ)} and

(R RY) R} contain building blocks with 9 and 6 independent

[pv] ~ ]
components.

@ Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field F,,,, (6 dof).

@ The richest part is the (V) Z, ., tensor that is purely related to the traceless
part of nonmetricity:

@ This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)2)\)\“11 = (1)ZAp)\V =0, (I)Z)\[p/,tu] =0.
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Algebraic classification in MAG

@ It turns out that the sets { R&T,))W],R(A?,,)W], R(;u/), RESB)} and

(R RY) R} contain building blocks with 9 and 6 independent

[pv] ~ ]
components.

@ Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field F,,,, (6 dof).

@ The richest part is the (V) Z, ., tensor that is purely related to the traceless
part of nonmetricity:

@ This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(I)ZA)\;U/ = (1)ZA[1,)\V =0, (I)Z)\[p/,tll] =0.

@ Using its principal null directions (PNDs), we found that this tensor has

15 main types and Subtypes within it. s.Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, arXiv:2409.07153
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Algebraic classification in MAG

@ It turns out that the sets {R&T,))W],R(ﬁp)w], R(;u/), EESB)} and

{Rff,j], Rfﬁ,)], R* .} contain building blocks with 9 and 6 independent
components.

@ Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field F,,,, (6 dof).

@ The richest part is the (V) Z, ., tensor that is purely related to the traceless
part of nonmetricity:

@ This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z>\)\HV = (1)ZA;J)\V =0, (I)Z)\[p,ull] =0.

@ Using its principal null directions (PNDs), we found that this tensor has

15 main types and Subtypes within it. s.Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, arXiv:2409.07153

Q@ Itis common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,

(1 Z*,,. is no longer Type D.
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Overview of the Talk

o Conclusions and future prospects
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Conclusions

@ Teleparallel theories are restricted geometries where curvature vanishes.
One can formulate the same theory as GR with torsion or nonmetricity and
then modify them
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containing the Riemannian ones.

@ It seems that the simplest theories have pathologies. Although, still there is
some room to study where there is new phenomenology related to
torsion/nonmetricity.
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Riemannian counterparts since one can always formulate theories
containing the Riemannian ones.
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torsion/nonmetricity.

@ The general MAG is a gauge theory of gravity where torsion, nonmetricity
and curvature appear as field strength tensors.
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Conclusions

@ Teleparallel theories are restricted geometries where curvature vanishes.
One can formulate the same theory as GR with torsion or nonmetricity and
then modify them

@ Modified teleparallel theories are usually more general than their
Riemannian counterparts since one can always formulate theories
containing the Riemannian ones.

@ It seems that the simplest theories have pathologies. Although, still there is
some room to study where there is new phenomenology related to
torsion/nonmetricity.

@ The general MAG is a gauge theory of gravity where torsion, nonmetricity
and curvature appear as field strength tensors.

@ Within MAG, we constructed the cosmological perturbations where
torsion/nonmetricity can be propagating.
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Conclusions

@ The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also
Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.
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Conclusions

@ The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also

Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.

@ In analogy to quadratic MAG theories, a further restriction on the Lagrangian
coefficients provides Reissner-Nordstrém-like black hole solutions with
dynamical torsion and nonmetricity.
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Conclusions

@ The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also
Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.

@ In analogy to quadratic MAG theories, a further restriction on the Lagrangian
coefficients provides Reissner-Nordstrém-like black hole solutions with
dynamical torsion and nonmetricity.

@ For the first time we found a solution with all the intrinsic charges without
known instabilities and with all higher-spin masses of torsion and
nonmetricity.
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Conclusions

@ The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also
Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.

@ In analogy to quadratic MAG theories, a further restriction on the Lagrangian
coefficients provides Reissner-Nordstrom-like black hole solutions with
dynamical torsion and nonmetricity.

@ For the first time we found a solution with all the intrinsic charges without
known instabilities and with all higher-spin masses of torsion and
nonmetricity.

@ Due to the difficulty of these theories, it is important to understand certain
symmetries or special important cases for the fields. To understand this, we
formulated the algebraic classification of MAG for the curvature tensor. This
is analogous to the Petrov classification.
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What to do next?

@ Study the new branch in New General Relativity (torsional teleparallel)
that is free from ghosts. Is it also not strongly coupled?
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alleviate tensions in cosmology?
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@ Study the axial symmetry of the Poincaré case to find a gravitational
spin-orbit interaction (interaction between the intrinsic spin and the
angular momentum)
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What to do next?

@ Study the new branch in New General Relativity (torsional teleparallel)
that is free from ghosts. Is it also not strongly coupled?

@ Investigate the stability of the tensor sector of both Poincaré and MAG
gauge theories.

@ Can torsion/nonmetricity in any of these theories might help to
alleviate tensions in cosmology?

@ Study the axial symmetry of the Poincaré case to find a gravitational
spin-orbit interaction (interaction between the intrinsic spin and the
angular momentum)

o ltis possible to find a renormalizable theory with these cubic
interactions?
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