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Figure: Classification of theories of gravity. (S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera,
G. Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi Said, J. Mifsud and E. Di Valentino,
“Teleparallel gravity: from theory to cosmology,” Rept. Prog. Phys. 86 (2023) no.2, 026901.)



Definitions and conventions

The affine/linear connection Γ̃ρ
λµ defines the covariant derivative

operator

∇̃µV
ν = ∂µV

ν + Γ̃ν
λµV

λ ,

∇̃µV
ν GCT−−−→ ∇̃′

µV
′ν = Λµ

λΛν
ρ∇̃λV

ρ

and provides the notion of parallel transport along a curve

tµ∇̃µV
ν = 0 .

In general, the metric tensor and the affine connection are
independent quantities.
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Definitions and conventions

Definition of the curvature tensor:

R̃λ
ρµν = ∂µΓ̃

λ
ρν−∂νΓ̃

λ
ρµ+Γ̃λ

σµΓ̃
σ
ρν−Γ̃λ

σνΓ̃
σ
ρµ .

In particular, it measures the change of
vector components on parallel transport
along an infinitesimal closed curve:

δVµ = R̃λ
µρνVλds

ρν ,

where dsρν denotes the surface element
spanned by the infinitesimal closed curve.
96 independent components.
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Definitions and conventions

Definition of the torsion tensor:

T λ
µν = 2Γ̃λ

[µν] .

Although the affine connection is not a
tensor quantity, its antisymmetric part
transforms as a tensor under general
coordinate transformations.
In particular, it measures the nonclosure
of infinitesimal parallelograms:

δU,V = T ρ
µνδU

µδV ν .

24 independent components.
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Definitions and conventions

Definition of the nonmetricity tensor:

Qλµν = ∇̃λgµν .

In particular, it measures the change of lengths
and angles under parallel transport:
40 independent components.
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Post-Riemannian decomposition

In the most general metric-affine setting, the fundamental variables
are a metric gµν (10 comp.) as well as the coefficients Γ̃ρ

µν (64
comp.) of an affine connection.

The most general connection can be written as

Connection decomposition

Γ̃λ
µν =

Levi-Civita︷ ︸︸ ︷
Γλ

µν

+

Torsion part︷ ︸︸ ︷
1

2
T λ

µν − T(µ
λ
ν) +

Nonmetricity part︷ ︸︸ ︷
1

2
Qλ

µν −Q(µ
λ
ν)

Further, we can write

Γ̃λ
µν = Γλ

µν +Kλ
µν + Lλ

µν = Γλ
µν +Nλ

µν

R̃λ
ρµν = Rλ

ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ
ρ|ν] .

Sebastian Bahamonde (*) Metric-affine and applications 7 / 19



Post-Riemannian decomposition

In the most general metric-affine setting, the fundamental variables
are a metric gµν (10 comp.) as well as the coefficients Γ̃ρ

µν (64
comp.) of an affine connection.
The most general connection can be written as

Connection decomposition

Γ̃λ
µν =

Levi-Civita︷ ︸︸ ︷
Γλ

µν

+

Torsion part︷ ︸︸ ︷
1

2
T λ

µν − T(µ
λ
ν) +

Nonmetricity part︷ ︸︸ ︷
1

2
Qλ

µν −Q(µ
λ
ν)

Further, we can write

Γ̃λ
µν = Γλ

µν +Kλ
µν + Lλ

µν = Γλ
µν +Nλ

µν

R̃λ
ρµν = Rλ

ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ
ρ|ν] .

Sebastian Bahamonde (*) Metric-affine and applications 7 / 19



Post-Riemannian decomposition

In the most general metric-affine setting, the fundamental variables
are a metric gµν (10 comp.) as well as the coefficients Γ̃ρ

µν (64
comp.) of an affine connection.
The most general connection can be written as

Connection decomposition

Γ̃λ
µν =

Levi-Civita︷ ︸︸ ︷
Γλ

µν

+

Torsion part︷ ︸︸ ︷
1

2
T λ

µν − T(µ
λ
ν) +

Nonmetricity part︷ ︸︸ ︷
1

2
Qλ

µν −Q(µ
λ
ν)

Further, we can write

Γ̃λ
µν = Γλ

µν +Kλ
µν + Lλ

µν = Γλ
µν +Nλ

µν

R̃λ
ρµν = Rλ

ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ
ρ|ν] .

Sebastian Bahamonde (*) Metric-affine and applications 7 / 19



Post-Riemannian decomposition

In the most general metric-affine setting, the fundamental variables
are a metric gµν (10 comp.) as well as the coefficients Γ̃ρ

µν (64
comp.) of an affine connection.
The most general connection can be written as

Connection decomposition

Γ̃λ
µν =

Levi-Civita︷ ︸︸ ︷
Γλ

µν

+

Torsion part︷ ︸︸ ︷
1

2
T λ

µν − T(µ
λ
ν) +

Nonmetricity part︷ ︸︸ ︷
1

2
Qλ

µν −Q(µ
λ
ν)

Further, we can write

Γ̃λ
µν = Γλ

µν +Kλ
µν + Lλ

µν = Γλ
µν +Nλ

µν

R̃λ
ρµν = Rλ

ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ
ρ|ν] .

Sebastian Bahamonde (*) Metric-affine and applications 7 / 19



Post-Riemannian decomposition

In the most general metric-affine setting, the fundamental variables
are a metric gµν (10 comp.) as well as the coefficients Γ̃ρ

µν (64
comp.) of an affine connection.
The most general connection can be written as

Connection decomposition

Γ̃λ
µν =

Levi-Civita︷ ︸︸ ︷
Γλ

µν +

Torsion part︷ ︸︸ ︷
1

2
T λ

µν − T(µ
λ
ν)

+

Nonmetricity part︷ ︸︸ ︷
1

2
Qλ

µν −Q(µ
λ
ν)

Further, we can write

Γ̃λ
µν = Γλ

µν +Kλ
µν + Lλ

µν = Γλ
µν +Nλ

µν

R̃λ
ρµν = Rλ

ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ
ρ|ν] .

Sebastian Bahamonde (*) Metric-affine and applications 7 / 19



Post-Riemannian decomposition

In the most general metric-affine setting, the fundamental variables
are a metric gµν (10 comp.) as well as the coefficients Γ̃ρ

µν (64
comp.) of an affine connection.
The most general connection can be written as

Connection decomposition

Γ̃λ
µν =

Levi-Civita︷ ︸︸ ︷
Γλ

µν +

Torsion part︷ ︸︸ ︷
1

2
T λ

µν − T(µ
λ
ν) +

Nonmetricity part︷ ︸︸ ︷
1

2
Qλ

µν −Q(µ
λ
ν)

Further, we can write

Γ̃λ
µν = Γλ

µν +Kλ
µν + Lλ

µν = Γλ
µν +Nλ

µν

R̃λ
ρµν = Rλ

ρµν + 2∇[µ|N
λ
ρ|ν] + 2Nλ

σ[µ|N
σ
ρ|ν] .

Sebastian Bahamonde (*) Metric-affine and applications 7 / 19



Metric-affine
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Figure: Classification of metric-affine geometries - Cube (S. Bahamonde, K. F. Dialektopoulos,
C. Escamilla-Rivera, G. Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi Said, J. Mifsud and E. Di Valentino,
“Teleparallel gravity: from theory to cosmology,” Rept. Prog. Phys. 86 (2023) no.2, 026901.)



Symmetries and identities of the curvature tensor

Skew symmetry of the last pair of indices of the curvature tensor:

R̃ρσ(µν) = 0 .

Bianchi identities:

R̃λ
[µνρ] = ∇̃[µT

λ
ρν] + T σ

[µρ T
λ
ν]σ ,

∇̃[σ|R̃
λ
ρ|µν] = Tω

[σµ|R̃
λ
ρω|ν] ,

R̃(λρ)
µν = ∇̃[νQµ]

λρ +
1

2
T σ

µνQσ
λρ .

Three independent second order tensors defined from the first
contractions of the curvature tensor:

R̃µν = R̃λ
µλν , R̂µν = R̃µ

λ
νλ , R̃λ

λµν = ∇[νQµ]λ
λ .
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Due to torsion, this connection introduces modifications in the
covariant derivative which indeed involves a change on its
commutation relations when considering an arbitrary vector vλ:

[∇̃µ, ∇̃ν ] v
λ = R̃λ

ρµν v
ρ + T ρ

µν ∇̃ρv
λ .

The change of lengths of a given vector kµ as well as the change of
angles between two unit timelike vectors m̂µ and n̂µ, under a general
parallel transport defined by a tangent vector V µ, is proportional to the
nonmetricity tensor:

V λ∇̃λ||k||2 = V λQλµνk
µkν ,

V λ∇̃λ (gµνm̂
µn̂ν) = V λQλµνm̂

µn̂ν − 1

2
V λQλµν (m̂

µm̂ν + n̂µn̂ν) m̂ρn̂ρ .
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Dirac equation in the presence of torsion

Covariant derivative of a Dirac spinor and its adjoint

∇̃µΨ = ∂µΨ− 1

8
ωab

µ [γa, γb] Ψ ,

∇̃µΨ̄ = ∂µΨ̄ +
1

8
ωab

µΨ̄ [γa, γb] .

The Dirac Lagrangian provides the dynamics of 1/2 spin fields under minimal
coupling

L̃Dirac =
i

2

(
Ψ̄ γµ∇̃µΨ− ∇̃µΨ̄ γµΨ− 2imΨ̄Ψ

)
.

In the framework of post-Riemannian geometry

L̃Dirac = LDirac −
i

16
eaµeb λe

cρKλ
ρµΨ̄ {γa, [γb, γc]}Ψ .

Accordingly, only the axial mode of torsion interacts with 1/2 fields under minimal
coupling

L̃Dirac = LDirac −
1

8
ελρµνTλρµΨ̄γ5γνΨ .
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What happens to the Einstein-Hilbert action if we upgrade it to R̃? - vacuum

Let us consider the Generalized Einstein-Hilbert action without
nonmetricity:

S =
1

2κ

∫
d4x

√−gR̃(Γ̃) ,

where κ = 8πG.

We need to take variations with respect to both g and Γ.
By varying the above action with respect to Γ we find

∂µgµν − Γ̃β
λµgβν − Γ̃β

λνgβµ = 0

By solving this equation we find that Γ̃ = Γ! (the Christoffel symbols
- Levi-Civita connection)
This means that from the Einstein-Hilbert action in vacuum, we do
not need to assume the connection - it is chosen to be the
Levi-Civita one.
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Simplest modify theory - Einstein-Cartan gravity

The simplest modification of GR is the same theory as before but with
matter:

S =

∫
d4x

√−g
[ 1

2κ
R̃(Γ̃) + Lm(g, Γ̃)

]
.

Now by taking variations the connection eq is modified:

Tµ
αβ + 2gµ[αT

λ
β]λ = κ∆µ

αβ ,

with

∆µ
α
β :=

1√−g

δ(
√−gLm)

δΓα
βµ

is the so-called hypermomentum - in this case tensor of spin.
By varying with respect to the metric and using the connection eq:

Gµν = κTµν + κ2
{
− 4∆µλ

α∆να
λ] − 2∆µλα∆ν

λα

+∆αλµ∆
αλ

ν +
1

2
gµν

(
4∆λ

β
[α∆

λα
β] +∆αλβ∆αλβ

)}
.
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Generalizations with propagating torsion?

Einstein-Cartan is a toy model - torsion is not propagating.

How can one construct a theory with a propagating torsion tensor?

One can consider higher curvature invariants - that provide
propagating torsion.

It is difficult to avoid ghosts when doing that.

How to select the action? Gauge approach to gravity is a way
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Gauge formalism of Poincaré gauge gravity

Poincaré gauge gravity assumes zero nonmetricity
Qαµν = ∇̃αgµν = 0 and a manifold with curvature and torsion.

A gauge approach to gravity arises naturally when the unitary
irreducible representations of relativistic particles labeled by their
spin and mass are linked to the geometry of the space-time.
Then, a gauge connection of the Poincaré group ISO(1, 3) can be
introduced to describe the gravitational field as a gauge field of the
external rotations and translations.
A nontrivial spin density tensor which operates as source of
torsion

=⇒ intrinsic spin generates gravity!
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introduced to describe the gravitational field as a gauge field of the
external rotations and translations.
A nontrivial spin density tensor which operates as source of
torsion

=⇒ intrinsic spin generates gravity!

Sebastian Bahamonde (*) Metric-affine and applications 15 / 19



Gauge formalism of Poincaré gauge gravity
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Gauge formalism of metric-affine geometry

The general case does not assume anything so one has a manifold
with curvature, torsion and nonmetricity.

Affine group A(4,R) = R4 ⊗GL(4, R) is the semiproduct of the
translation group R4 and the general linear group GL(4, R). gauge
connection with an independent local metric structure1:

Aµ = ea µPa + ωa
bµLa

b ,

gµν = ea µe
b
νηab .

Generators of the group A(4,R):

[Pa, Pb] = 0 ,[
La

b, Pc

]
= i δb c Pa ,[

La
b, Lc

d
]
= i

(
δb c La

d − δa
d Lc

b
)
.

1F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
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Gauge formalism of metric-affine geometry

it is possible to obtain the following gauge curvatures from the
anholonomic metric, coframe and connection:

Gabµ = ∂µgab − gac ω
c
bµ − gbc ω

c
aµ ,

F a
µν = ∂µe

a
ν − ∂νe

a
µ + ωa

bµ e
b
ν − ωa

bν e
b
µ ,

F a
bµν = ∂µω

a
bν − ∂νω

a
bµ + ωa

cµ ω
c
b ν − ωa

cν ω
c
bµ .

Correspondence with the curvature, torsion and nonmetricity
tensors:

Gabµ = gacgbde
cλedρQµλρ,

F a
µν = ea λT

λ
νµ ,

F a
bµν = gbc e

a
λe

cρR̃λ
ρµν .
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Dynamics of metric-affine geometry

Gravitational action with dynamical torsion and nonmetricity:

S =

∫
d4x

√−g

[
Lm − 1

16π
Lg(R̃, T ,Q)

]
.

Correspondence between geometry and matter:

δSg

δea ν
= 16πθa

ν ,

δSg

δωa
bν

= 16π∆a
bν .

Here θa
ν is the energy-momentum tensor (canonical) and ∆a

bν is
the hypermomentum density tensor.
GL(4, R) group allows the definition of a large number of scalar
invariants depending on the aforementioned tensors.
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Dynamics of Quadratic Poincare gauge gravity

By considering all possible scalars that are invariant under the
Poincare group, one gets the following quadratic action:

S =
1

2κ

∫
d4x

√−g
[
a0R̃+ 2Λ0 + β1 R̃αβµνR̃

αβµν + β2 R̃αβµνR̃
αµβν

+ β3 R̃αβµνR̃
µναβ + β4 R̃αβR̃

αβ + β5 R̃αβR̃
βα + β6 R̃

2

+ α1 Tαβ
ν Tαβ

ν + α2 Tα T
α + α3 Tαβ

ν Tν
αβ

]

This theory is called ”Quadratic Poincare Gauge Gravity theory” and
in general, propagates ghosts.
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