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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g,,, (10 comp.) as well as the coefficients I'*,,, (64
comp.) of an affine connection.
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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients ff’,“, (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torsion part

A A +1T>‘ A
= iz ot (n v

—~
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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients ff’,w (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torseil part Nonmetw:lty part

A A +1T>‘ A +1QA — Q>
p = pv 5 W (b v) T o pv (1 v)

™~ ™~

@ Then, torsion and nonmetricity are defined as
TA wr = 2f>\ [uv] » Q)\,uu = @)\g,ul/ .
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Post-Riemannian decomposition

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients ff’,w (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torseil part Nonmetw:lty part

A A +1T>‘ A +1QA — Q>
p = pv 5 W (b v) T o pv (1 v)

™~ ™~

@ Then, torsion and nonmetricity are defined as
T o = A s @y = VoG
@ Further, we can write the curvature as:
I =T + KXy + Ly =T ) + N
R g = R gy + 2V [ N* g1y + 2N 5 N7 ).
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
P;w = Guv +

which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
P;u/ = g;u/ + n,unl/a
which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.

@ Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

1

_ [e%1 «
o = P P X o

l

B1pn = X(Ml"'ﬂn) )
g — L — X Mibn — .. — X Mibn —
1oty b = = Xy PHHE = = Xy PFHE = 0.

1
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3 + 1 decomposition - settling notation

@ Let us first introduce a projector tensor
Pp,u = g;u/ + n,unl/a
which is orthogonal (P, n* = 0) to a timelike vector n,, satisfying
nynt = —1.

@ Let us introduce arrows on top of quantities to denote
traceless-spatial and symmetric quantities, i.e.:

1

_ [e%1 «
o = P P X o

l

B1pn = X(Ml"'ﬂn) )
¢ MK — L — X Mibn — .. — X Hibn —
Xppoopyogn PP = o= X PR — = X PRt — ()

@ One can then straightforwardly decompose scalar and vectors:

p=9¢, X,=X,-n.X..
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

LeGuy = LeT> 1 = LeQ = 0.
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

Egg,“, = ﬁgTA wv = ‘Cg@)\ w =0.

@ By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

g = —nynydet ®@da” + Pm,dx“ ®dz¥ = — N2dt @ dt + a27ijd:ci ®dz?
1?"” = 2T\ (t) ny Py + 2To(t) £7 4 pit”
Q)\[LV = 2Q1(t)ﬁ)\ﬁ/unu < 2Q2( )n)\P,uu i 2Q3( )PA [tnl/) )

where v;;dz’ @ dz? = 1_d§<2rz + r2dQ2. Note that there are 5 independent
functions coming from Post-Riemannian.
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Cosmology in MAG

@ Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

;ngl“, = ﬁgTA wv = CgQ)\ w =0.

@ By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

g = —-nun,drt @ds” + P, da @ dz¥ = — N2dt @ dt + azmjd:ci ®da?,
Ji“*w = 2T\ (t) ny Py + 2To(t) £7 4 pit”
Q)\[LV = 2Q1(t)7_7/)\ﬁunu < 2Q2( )n)\P,uu i 2Q3( )PA p,nl/) )

where v;;dz’ @ dz? = 1_d§<2r2 + r2dQ2. Note that there are 5 independent
functions coming from Post-Riemannian.

@ Our aim is to perform a 3 + 1+SVT-decomposition for all the tensors in MAG
up to linear perturbations to then write:

guuzguu+59uV7 T)\}LV:T)\;LV+6T)\/LV7 Q)‘/WZQ_)\;W‘F(SQA;W~
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)
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Cosmology in MAG - very short discussion

@ Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

@ So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.

@ The majority of these studies predominantly focus on torsion.

@ Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.

@ Dark energy can be explained by the scalar modes of torsion.

@ It is possible to find inflationary models such as Einstein-Cartan
couple to Higgs or other more complicated ones which are compatible
with observations.
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3 + 1 decomposition for FLRW - metric sector

@ A symmetric rank-2 tensor (as the metric) can be easily decomposed
as 1 tensor, 1 vector and 2 scalars:

]. — —
X(l“/) = n”n,,X** + gpl“’X*** + X/v”’ — 2n(MX*V) .
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3 + 1 decomposition for FLRW - metric sector

@ A symmetric rank-2 tensor (as the metric) can be easily decomposed
as 1 tensor, 1 vector and 2 scalars:

]. — —
X(l“/) = nﬂnl,X** =4F gpqu*** + XHV = 2n(uX*1/) .
@ Then, the metric perturbation can be decomposed as
59#1/ = = ﬁuﬁua + -P/JVC =+ Euu - 2ﬁ(u5y) )

in such a way that the full metric tensor is then given by

) —N2(1+a) aN G;
G + 090 = G = = - .
! e ( alN B; a®[(1+¢) 7ij + hij]
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3 + 1 decomposition for FLRW - Torsion sector

o First of all, it is useful to use a pseudo-orthogonal decomposition for
torsion as (in 4 dimensions)

1 1
A A A A A
T w=§(5 T, — 6 NTl,)—I—gs 'SP
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o Vector part T, = T .5,

Sebastian Bahamonde (*) Cosmo perturbations MAG 7/23



3 + 1 decomposition for FLRW - Torsion sector

o First of all, it is useful to use a pseudo-orthogonal decomposition for
torsion as (in 4 dimensions)

1 1
A A A A A
T w=§(5 T, — 6 NTI,>+65 'SP

o Vector part T, = T .5,
o Axial vector part S, = €,0p0T"",
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3 + 1 decomposition for FLRW - Torsion sector

o First of all, it is useful to use a pseudo-orthogonal decomposition for
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1 1
A A A A A
T w=§(5 T, — 6 MTI,>+65 o SP 1

o Vector part T, = T* .5,
o Axial vector part S, = €wpoT
o Tensorpart t* ,, =T ,, — 1 (5A -6, T) — i S*.

@ Note that only S,, couples with spln—1/2 fields (minimal coupling)
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3 + 1 decomposition for FLRW - Torsion sector

o First of all, it is useful to use a pseudo-orthogonal decomposition for
torsion as (in 4 dimensions)

1 1
A A A A A
T w=§(5 T, — 6 ,LTI,>+65 o SP 1

o Vector part T, = T .5,
o Axial vector part S, = €uupo T,
o Tensor partt* ,, =T 1 — 1 (6T — 6, T)) — 2e* 5"

@ Note that only S, couples with spin-1/2 fields (minimal coupling)

@ T, and S, are vectors so they carry 4 dof and their SVT is easy (as
explained before).
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3 + 1 decomposition for FLRW - Torsion sector

o First of all, it is useful to use a pseudo-orthogonal decomposition for
torsion as (in 4 dimensions)

1 1
A A A A A
T W=§(5 T, — 6 ,LTI,>+65 o SP 1

o Vector part T, = T* .5,
o Axial vector part S, = €uupo T,
o Tensorpartt* ., =T* ., — & (8%, T, — 6\ T,) — 2> S,
@ Note that only S, couples with spin-1/2 fields (minimal coupling)
@ T, and S, are vectors so they carry 4 dof and their SVT is easy (as
explained before).
@ ty,, carries 16 dof since it is a rank-3 tensor antisymmetric in the last
two indices, totally traceless and satisfying a cyclic condition
tpuw) = 0. = This quantity is not so trivial to decompose
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3 + 1 decomposition for FLRW - Torsion sector

@ The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be
decomposed as

Ty =fu_”u¢»

Sy = S',L —nuo,
- 1 = 1 .5 - 1 =
tusp = 200y Ay + 2 (munly + 5 Patw ) By + 5200 [ = o+ (namu + 5 Pa ) o]

where we recall that the quantities fYW and /TW with an arrow on top are spatial, symmetric
and traceless.
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3 + 1 decomposition for FLRW - Torsion sector

@ The irreducible modes of antisymmetric rank-3 tensor (as torsion) can be

decomposed as

Ty =fu_"u¢»

Su :§M —nuo,

tuvp = 2n[ugp]u + Q(nun[l, + %PM[V)EP] + %e,,paﬂ [_ na./éfgu + (ngnu + %Pﬁu)ga] .

where we recall that the quantities fYW and ,LTW with an arrow on top are spatial, symmetric

and traceless.

@ Then, torsion is decomposed as

Ty = T2y + 6T, =

T0;

2
a = =

) N 1. 1.
T‘o]'=—N[A’j—§5’j(¢+¢)+gﬁzjk(

Tijk

= -5 (i +35;)

—

S

=- %{45" [T — 68 By + [3esedi — & 51 (2 + 0)| }

where we have introduced the background 7; in the scalars ¢, g.
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3 + 1 decomposition for FLRW - Nonmetricity sector

o Similarly as we did before, one can decompose nonmetricity in the
pseudo-orthogonal group as (in 4 dimensions)

Q)\;u/ = guuW)\ + Q)\wx )

1 1 1
Q)\;w = 9 (g/\uAV + gAuAu) - ZguVAA + geApa(,uQV) B Qv -
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o Similarly as we did before, one can decompose nonmetricity in the
pseudo-orthogonal group as (in 4 dimensions)

Q)\;u/ = guuW)\ + Q)\wx )

1 1 1
Q‘)\;w = 9 (g/\uAV + gAuAu) - ZguVAA + geApa(,uQV) B Qv -
o Weyl vector W, = 2Q,. ”,
o Second vector part A, = 3 (Q" . — W),
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3 + 1 decomposition for FLRW - Nonmetricity sector

o Similarly as we did before, one can decompose nonmetricity in the
pseudo-orthogonal group as (in 4 dimensions)

Q)\;w = guuWA + /@)\}JJ/ )
1 1 1
Q‘)\;w = 9 (g/\uAV + gAuAu) - ZQ;WAA + g‘g)\po‘(p,Ql/) B Qv -

o Weyl vector W, = 2Q,. ”,
o Second vector part A, = 5 (Q" . — W),
o First tensor part Qx " = — [e"P7Qpox + " x (37, — W,)],
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3 + 1 decomposition for FLRW - Nonmetricity sector

o Similarly as we did before, one can decompose nonmetricity in the
pseudo-orthogonal group as (in 4 dimensions)

Q)\;u/ = guuW)\ + Q)\wx )

1 1 1
Q‘)\;w = 9 (g/\uAV + gAuAu) - ZQ;WAA + g‘g)\po‘(p,Ql/) B Qv -

o Weyl vector W, = 2Q,. ”,

@ Second vector part A, = 5 (Q" u — Wy),

o First tensor part Qx *” = — [e"77Qpox + "7 5 (3A, — W,)],
o Second tensor part gauw = Q) — I W) — 90wy
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3 + 1 decomposition for FLRW - Nonmetricity sector

o Similarly as we did before, one can decompose nonmetricity in the
pseudo-orthogonal group as (in 4 dimensions)

Q)\;u/ = Q;WW)\ + Q)\wx )

1 1 1
Q)\;w = 9 (g/\uAV + gAuAu) - ZQ;WAA + gg)\po‘(p,Ql/) B Qv -

Weyl vector W, = 2Q,.. ,

Second vector part A, = 2 (Q” . — Wy),

First tensor part Qx ** = — [e"77Qpox + "7 A (3A, — W,)],
Second tensor part g = Q) — 9 W) — 390wy

@ W, and A, are vectors so they carry 4 dof (same as before).
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3 + 1 decomposition for FLRW - Nonmetricity sector

o Similarly as we did before, one can decompose nonmetricity in the
pseudo-orthogonal group as (in 4 dimensions)

QA;U/ = Q;WWA + Q‘)\wj )

1 1 1
Q)\;w = 9 (g)\uAV + g)\uAu) - ZQ;WA)\ + gEApa(,uQV) B Qv -

Weyl vector W, = 2Q,.. ,

Second vector part A, = 5 (Q” . — Wy),

First tensor part Qx ** = — [e"77Qpox + "7 A (3A, — W,)],
Second tensor part gauw = Q(uv) — 9 Wa) — 29 An)-

@ W, and A, are vectors so they carry 4 dof (same as before).

@ QO,,, carries 16 dof and has the same symmetry properties as ¢y, .
—> This quantity has the same 3+1 decomposition as in our
previous case

@ ¢, carries other 16 dof since it is a totally symmetric and traceless
tensor
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3 + 1 decomposition for FLRW - Nonmetricity sector

o Similarly as we did before, one can decompose nonmetricity in the
pseudo-orthogonal group as (in 4 dimensions)

QA;U/ = Q;WWA + Q‘)\wj )
1

1 1
Q)\;w = 9 (g)\uAV + g)\l/A[L) - ZQ;WA)\ + gEApa(,uQV) B Qv -

Weyl vector W, = 2Q,.. ,

Second vector part A, = 5 (Q” . — Wy),

First tensor part Qx ** = — [e"77Qpox + "7 A (3A, — W,)],
Second tensor part gauw = Q(uv) — 9 Wa) — 29 An)-

@ W, and A, are vectors so they carry 4 dof (same as before).

@ QO,,, carries 16 dof and has the same symmetry properties as ¢y, .
—> This quantity has the same 3+1 decomposition as in our
previous case

@ ¢, carries other 16 dof since it is a totally symmetric and traceless
tensor —- This quantity is new

© © 06 0
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3 + 1 decomposition for FLRW - Nonmetricity sector

@ The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be then decomposed as
Wy =Wy —nub,
Ay =R, —npib,
= 1 - 1 = 1 ~
Qv = 211, Oy +2(mump, + 5P,L[,,)yp] + o™ [~ naGsu + (npmy + 5P5“)Ya] :
. . 3 =
Quvp = Cuvp = 3n(uRyp) + g(5n(u”V + P(HV)ZAO) - (n(unV + P(iw) np)€ -

where C,..p, Ruwy Opw and @, are spatial, symmetric and traceless tensors.
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3 + 1 decomposition for FLRW - Nonmetricity sector

@ The irreducible modes of symmetric rank-3 tensor (as nonmetricity) can be then decomposed as

Wy =Wy —nub,
Ay =R, —npib,

Quvp = 2”[1!@/)]# + 2(”#”[1/ + %PH[V)J_};)] + %EVPQB [_ na@ﬂu + (nﬂnu + %PBM)?Q] )

- . 3 .
Quvp = Cuvp = 3n(uRyp) + 3(57‘(#"” + Pluw) Zp) — (ngumw + Pruw) np) -

where C,..p, Ruwy Opw and @, are spatial, symmetric and traceless tensors.

@ Then, nonmetricity is then decomposed as

_ 3 _

Qooo = ~ N°[0+ 0+ - (#+) — (E+6)]

N?a oz 1y L,z
Qooi = — 5 (1*51* z)

Na? [ . = s10_ Yz 1

oy Qoij =~ — {Qij—13nij—13[ + Z(¢+w)+g(£+§)]'¥¢j}

Qioo = — N a(Wi—Z § )

Na? ~
Qin:T{[ ij +6Rij + (3 (P +v) +2(E+8))vij]—3einV }

1

Qijr =a {ngk+ (4W; — Ki) vk + Vi Ay — (ka — YY) + = “/(”Zk) +

where we have introduced the background Q; in the scalars 6,4, €.

Sebastian Bahamonde (*) Cosmo perturbations MAG

%09 K

10/23



Summary of modes

@ We can group the modes as:

0X = {a, ¢, 6, 0,0,8, &},
§X; = {6, T;,Si, Bi, Bi, Wi, A, Vi, Vi, Zi}
6Ky; = {hij, Aij, Aij, Qijy Qg Rig}
6Xije = {Cijr} -
where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.
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Summary of modes

@ We can group the modes as:

55{ = {a7<7 ¢7 Qa 97 ¢7€}7

65{7: = {g’iaﬁa‘iaB'ivgi’wivxivﬁ’j’i’zi}7
6Xi; = {hij, Aij, Aij, @iz, Qi R}
6Xije = {Cijr} -

where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.

@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components
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Summary of modes

@ We can group the modes as:
0X = {a,¢,6,0,0,9,},

§X; = {6, 1., Si, Bi, By, Wi, Ky, Vi, Vi, Z3 )
0Xij = {hij, Aij, Aij, Qi Oijy Ri}
Xz = {Cujn} -
where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent
components, respectively.

@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof
among the above components

@ The 40 dof of the nonmetricity perturbations are split as
14+3+6+3+9+ 18 dof.
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Summary of modes

@ We can group the modes as:

0X = {a, ¢, ¢, 0,09, €},
65{1‘ = {/B;? T"iv ‘S_’;a B"L'v gi’ Wiy K’h )_/"i’ 3_};’ Z"L} )
6Xije = {Cijr} -

where each element of 6X;,6X,; and 6X,;;. have 3, 5 and 7 independent

components, respectively.
@ The 24 dof of the torsion perturbations are distributed as 3 + 3 + 9 + 9 dof

among the above components
@ The 40 dof of the nonmetricity perturbations are split as

14+3+6+3+9+18 dof.
Spin and Parity ot [o— | 1t 1- 2t 2= | 3~
o | Metric sector g, ¢ | - | - ] 1 }zij - -
Torsion sector 7%, 1) o | Si,B; T;, B; Aij A | -
Nonmetricity sector Q,,, | 6,¢,¢ | - Vi | Wi, K, Y, Zi | Gij, R | Qi | Cign

Table: Species in MAG. k. Aoki, S. Bahamonde, J. Gigante Valcarcel and M. A. Gorji, “Cosmological
Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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Helicity (SVT) decomposition

@ After the 3 + 1 decomposition, we only need to deal with the spatial scalar and tensors with
Latin indices belonging to the maximally symmetric space ~;;.
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Helicity (SVT) decomposition

@ After the 3 + 1 decomposition, we only need to deal with the spatial scalar and tensors with
Latin indices belonging to the maximally symmetric space ~;;.

@ Let us decompose them into different helicity sectors:

55{1 =D;S + VgT) q
= 1
5Xij = (D(z ) — 'ng )S + D( V(T) + T<TT)
o 1 T TT
6K = [D(iD]-Dk) - gy(ijDk) (3D% + 4K)] S+ [D(iDj — 7 (D + 2K)]V,<c)) + DT

Here, the superscript “(T)” refers that the quantity is transverse, while the tensors denoted by
the superscript “(T'T)” are transverse-traceless and symmetric:

piv® —o,

TT TT) 45 TT TT
DT =1y =0, TG =T,

(TT) _ (TT) 45 _ (TT) _ (TT)
BT =T =0, T =T
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o

Helicity (SVT) decomposition

After the 3 + 1 decomposition, we only need to deal with the spatial scalar and tensors with
Latin indices belonging to the maximally symmetric space ~;;.

Let us decompose them into different helicity sectors:
6X; =D;8 + v,
6% = (DaDj) — 1%] D?)s+DuVv Y + TGP,

6% ik = [DD;Dy) - gy(ijDk) (302 + 4K)|S + [D(:D; 77(” (D? +2K)| VY + DTG

Here, the superscript “(T)” refers that the quantity is transverse, while the tensors denoted by
the superscript “(T'T)” are transverse-traceless and symmetric:

piv® —o,
(TT) (TT) ij (TT) _ (TT)
DT} Ty; 79 =0, Ty =Ty, .
; <TT> _ e (TT) ij (TT) _ men(TT)
DITT" =TT =0, TT" =TT ).

@ New rank-3 part: Note that the SVT decomposition of a spatially rank-3 symmetric and

traceless tensor does not appear in standard Riemannian curvature theories.
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SVT decomposition around FRW - Summary with helicities

@ Metric sector: the 10 dof are split in terms of four scalars {«, 3,¢, h}
(1 dof each), two transverse vectors {Bi(T), hET)} (2 dof each), and one

symmetric and transverse-traceless tensor hz(.jTT) (2 dof).
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SVT decomposition around FRW - Summary with helicities

@ Metric sector: the 10 dof are split in terms of four scalars {«, 3,¢, h}
(1 dof each), two transverse vectors {BfT), hz(.T)} (2 dof each), and one
symmetric and transverse-traceless tensor thTT) (2 dof).

SVT Quantities dof Total dof
5 scalars {T, B, ¢, A, o} 1 dof each 5
3 pseudoscalars {S B, A} 1 dof each 3
o | 3 vectors {T ( ), A(T)} 2 dof each 6
3 pseudovectors {S; (T) B .A(T)} 2 dof each 6
1 rank-2 tensor {A(TT)} 2 dof each 2
1 rank-2 pseudotensor {AZ(-jTT } 2 dof each 2

Table: Perturbation spectrum for the torsion tensor.«. Aok, s. Bahamonde, J. Gigante
Valcarcel and M. A. Goriji, “Cosmological Perturbation Theory in Metric-Affine Gravity,” [arXiv:2310.16007 [gr-qc]].
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SVT decomposition around FRW - Summary with helicities

SVT Quantities dof Total dof
10 scalars {0,9,6, MY, Z,k,Q,W,C} 1 dof each 10
2 pseudoscalars s 1 dof each 2
° 7 vectors {AD, Y™, 2, xM, QM W, ¢} | 2 dof each 14
2 pseudovectors {y(T)i, Q(T)i} 2 dof each 4
3 rank-2 tensor {n(TT),-]-, QD 39 ¢ o 2 dof each 6
1 rank-2 pseudotensor {9} 2 dof each 2
1 rank-3 tensor {00} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.
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SVT decomposition around FRW - Summary with helicities

SVT Quantities dof Total dof
10 scalars {0,9,6, MY, Z,k,Q,W,C} 1 dof each 10
2 pseudoscalars {Y,0} 1 dof each 2
° 7 vectors {AM, Y™z, ™, QM W™, ¢™,} | 2 dof each 14
2 pseudovectors {y(Th, Q(T)i} 2 dof each 4
3 rank-2 tensor {&TD;; QTN ,;, ¢} 2 dof each 6
1 rank-2 pseudotensor {9} 2 dof each 2
1 rank-3 tensor {00} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.

@ Note that the spin-3 carries a helicity-3 part {C(™™), ;.1 and sice the
metric does not have such terms, it totally decouples from the other
modes in FLRW.
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Matter content: Background

@ We assume that the matter content satisfies the cosmological principle.
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Matter content: Background

@ We assume that the matter content satisfies the cosmological principle.

@ The corresponding metric energy-momentum tensor acquires the form of a
perfect fluid

O = (p(t) + B(t) Py, + P()Gw = p(t) T + P(t) Py

with 5(t) and p(t) being the energy density and the pressure of the fluid,
respectively.
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Matter content: Background

@ We assume that the matter content satisfies the cosmological principle.

@ The corresponding metric energy-momentum tensor acquires the form of a
perfect fluid

@,uu = (ﬁ(t) +ﬁ(t)) nunu +ﬁ(t)glﬂl = ﬁ(t),ﬁ’llﬁl’ +ﬁ<t)PIW ’

with 5(t) and p(t) being the energy density and the pressure of the fluid,
respectively.

@ On the other hand, the spatially homogeneous and isotropic form of the
hypermormentum tensor reads (D. losifidis, Eur. Phys. J. C 80 (2020) no.11, 1042):

1 — = = = = = 1 — =
A)\/U/ = gAl(t)PAuﬁu + AQ(t)PAuﬁu + AB(t)ﬁAPMV + ZA4(t)ﬁ>\ﬁuﬁV + AB(t)gAuupﬁp )
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Matter content: Background

@ We assume that the matter content satisfies the cosmological principle.

@ The corresponding metric energy-momentum tensor acquires the form of a
perfect fluid

@;w = (ﬁ(t) +ﬁ(t)) ﬁu'ﬁu +ﬁ(t)glﬂl = ﬁ(t),ﬁ’uﬁl’ +ﬁ<t)PMV ’

with 5(t) and p(t) being the energy density and the pressure of the fluid,
respectively.

@ On the other hand, the spatially homogeneous and isotropic form of the
hypermormentum tensor reads (D. losifidis, Eur. Phys. J. C 80 (2020) no.11, 1042):

1 — = = = = = 1 — =
A)\/M/ = gAl(t)PAuﬁV + AQ(t)PAuﬁu + AB(t)ﬁAPMV + ZA4(t)ﬁ>\ﬁuﬁV + AB(t)EAuupﬁp )

@ Hypermomentum has five arbitrary functions {A;}2_; representing the
intrinsic spin, dilation and shear currents of matter.
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Matter content: Perturbations

@ Considering general perturbations around both matter sectors:

@;w = é;w + 5@;4!/ 5 A,LWA = A;wk + 6A;w)\ s
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Matter content: Perturbations

@ Considering general perturbations around both matter sectors:

@;w = éuu + 5@;111 5 A,LWA = A;w)\ + 6A;w)\ s

@ Energy-momentum:
5600 = N25p — pdgoo
0Oy — § 600; = — N(p + p)Siis + pogo;
605 = pdgs; + a® (vi;0p + i)

with dp and dp are the perturbations in the energy density and pressure; d; is the spatial
velocity vector and 7;; is the spatial stress tensor.
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Matter content: Perturbations

@ Considering general perturbations around both matter sectors:

@;w = épu + 5@;w 5 A,Lw)\ = A;w)\ + 6Am/)\ s
@ Energy-momentum:

66000 = N28p — pdgoo
08ur — § §69; = — N(p + p)od; + pdgo;
6©:5 = Pgi; + a” (7i50p + Tij)

with dp and dp are the perturbations in the energy density and pressure; d; is the spatial
velocity vector and 7;; is the spatial stress tensor.
@ Further, we can decompose these quantities as before:

5it; = Didu + sul™,

)

- 1 TP
Ti5 = (D<iDj) — g’YijDz)w + D(,-Tr;,) + 7r( ) o

ij
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Matter content: Perturbations

@ Considering general perturbations around both matter sectors:

@;w = épu + 59;w 5 Aw/)\ = A;w)\ + 6Am/)\ s
@ Energy-momentum:

66000 = N28p — pdgoo
08ur — § §69; = — N(p + p)od; + pdgo;
6©:5 = Pgi; + a” (7i50p + Tij)

with §p and ép are the perturbations in the energy density and pressure; §u; is the spatial
velocity vector and 7;; is the spatial stress tensor.
@ Further, we can decompose these quantities as before:

5it; = Didu + sul™,

)

- 1 TP
Ti5 = (D<iDj) — g’YijDz)w + D(,-Tr;,) + 7r( ) o

ij

@ Hypermomentum:
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Matter content: Perturbations

@ Considering general perturbations around both matter sectors:
@My :éI_Ly-'-(S@“y, Aw,)\ ZAM,,)\-F(SAW/)‘,
@ Energy-momentum:

66000 = N28p — pdgoo
08ur — § §69; = — N(p + p)od; + pdgo;
80i; = podgij + a® (vij0p + 7ij)

with §p and ép are the perturbations in the energy density and pressure; §u; is the spatial
velocity vector and 7;; is the spatial stress tensor.
@ Further, we can decompose these quantities as before:

5it; = Didu + sul™,

)

1
i = (D(Z 7 — 7%] )7r+D( Tl'() +7r(TT)

@ Hypermomentum:

@ [t can introduce up to 64 d.o.f. with the SVT decomposition behaving in the same way as
the sum of the perturbation of torsion (24 dof) and nonmetricity (40 dof) as we described
before.

Sebastian Bahamonde (*) Cosmo perturbations MAG 16/23



Fourier space

@ After performing the SVT decomposition, it is convenient to move to the momentum space and
work with Fourier amplitudes of the perturbations.
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Fourier space

@ After performing the SVT decomposition, it is convenient to move to the momentum space and
work with Fourier amplitudes of the perturbations.
@ For scalars, we have

1 1 - -
S(t, %) d3k —QS(t, k)E(&; k) + c.c.,

“ewr ) T
with real functions S(t, E) where E are the orthogonal eigenstates of ;;:

DE=-KE, [ddTE@DEEE) = en)* O E- ),

with k& being the norm of the momentum.
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Fourier space

@ After performing the SVT decomposition, it is convenient to move to the momentum space and
work with Fourier amplitudes of the perturbations.
@ For scalars, we have

1 1 - -
S(t, %) d3k —ZS(t, k)E(&; k) + c.c.,

~ e V2
with real functions S(t, E) where E are the orthogonal eigenstates of ;;:

D’E = — k’E, /dm3\/7yE*(i'; R)E@K) = (2r)2s®) (k — &),
with k& being the norm of the momentum.

@ The helicity-1, 2, and 3 modes can be similarly mapped to the momentum space but each
helicity still contains two different modes.
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Fourier space

@ After performing the SVT decomposition, it is convenient to move to the momentum space and
work with Fourier amplitudes of the perturbations.
@ For scalars, we have

1
(2m)? V'

with real functions S(t, k) where E are the orthogonal eigenstates of Vg

S(t, %) = —S(t, k) E(& k) + c.c.

DE=-KE, [ddTE@DEEE) = en)* O E- ),

with k being the norm of the momentum.

@ The helicity-1, 2, and 3 modes can be similarly mapped to the momentum space but each
helicity still contains two different modes.

@ In MAG, it is particularly convenient to characterise them by using the circular polarisation
bases EZ(A), Ei(f), and Egﬁc) (A = L, R); they are defined by the eigenstates of the operators
2 = _?EW | ;pD,E(M = A kBN,
D2EG) = KBSV, e(PIDE) = xakESD
2 (A) 2 17(A) (A) (4)
D?E;)) = — KBy, e@PDpE 5y = AakE,
with A\, = — 1, A\ = + 1, and satisfy orthogonality conditions (similar than the scalar part).
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Fourier space

@ Then, the corresponding Fourier transformations are
S(0,) = 5 )3 / \/_ £ RV E(% F) + c.c.,

S(t, &) = @ /d3 S(tk E(% k) + c.c.,

v (t,2) = 2ﬁ/ﬁ%—ﬂw“am‘“<>+vmmk>“% R)] +ce.,

Vv (t,2) = (27103 / dSkT[V(L)( RED (@ F) — v 6, HED @ R) + cc.,

and the transformations of the rank-2 and 3 tensors are performed similarly to the vectors.
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Fourier space

@ Then, the corresponding Fourier transformations are
S(0,) = 5 )3 / \/_ £ RV E(% F) + c.c.,
3 .
S(t,7) = 27r)3 /d S(t E)E(Z k) + c.c.,

vilwa = 5 )s/ dS’f—[V“)(t RE" @ 8) + VR REP @ R) + cc.,

Vv (t,2) = (27103 / dSkT[V(L)( RED (@ F) — v 6, HED @ R) + cc.,

and the transformations of the rank-2 and 3 tensors are performed similarly to the vectors.

@ Flat FLRW case Let us condier the circular polarisation bases with K = 0 in the Cartesian
metric Yij = 6ij:
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Fourier space

@ Then, the corresponding Fourier transformations are

S(t, )

2 )3 / \/_ RVE®F) + cec.,

%)3 / &k S(t BB F) + c.c.,

(2m)3 —5 [ @R VOERHED @B + VO HED @) +cc.

=L [ @k B HED @ F) - v @, HED @ 8)] + cc.,
@n)? Vo] i

and the transformations of the rank-2 and 3 tensors are performed similarly to the vectors.
@ Flat FLRW case Let us condier the circular polarisation bases with K = 0 in the Cartesian

metric Yij = 6ij:

@ By the use of the isotropy of the FLRW space-time, we can choose k = (0, 0, k) without loss of generality.
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Fourier space

@ Then, the corresponding Fourier transformations are

1 1 - -
S(t, &) = e /d3k 7S(t, k)E(&; k) + c.c.,

S(t,&) = 27r)3/d3 SRR +ce.,

viD (@, z) = o /dSk—[V(L)(t REXD (@ k) + VB (, B ES (& k)] + c.c.,

V§T>(t,a‘c‘>=(2}r)3 / dSkT[v(L)( BED (& F) - VR ¢, HES (& F)] + cc.,

and the transformations of the rank-2 and 3 tensors are performed similarly to the vectors.

@ Flat FLRW case Let us condier the circular polarisation bases with K = 0 in the Cartesian
metric Yij = 6ij:

@ By the use of the isotropy of the FLRW space-time, we can choose k = (0, 0, k) without loss of generality.
@ The modes can be written as (for scalars, vectors and tensors)

B=oFF, g - (HGRE g _ (WM EE g _ (A (W) &) Ez
with

oM = (1/v2, —i/v2,0), &' = (1/v2,i/v2,0).
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Application - Quadratic MAG model

@ General quadratic parity preserving action with dynamical torsion and
nonmetricity:

5= [dsv=g {cm b o [ R+ aB  0a e Y+ s R
+ a4R)\p/,u/RHV/\p ar a5R)\pp,VR>\‘upV 4 aGRApWR”A‘W aF a7RpAWRMW
+ agRWRW + GQRHVRVM G alORuuRMV G aanR"“ a4 a12RuuRMV
4 a13RuuRW + a1 R A;WRP oM+ a1s R AWRW + a6 R A;WRW
01T T 4 by T T + b3 T 3T Y + 1 Tan Q™Y
T Q™ 4 esT 3 Q" 1+ diQauw QM + daQrw Q™

+dsQ 3 Q" 0¥+ daQu * AQM L + dsQ A, QP N] } .
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Application - Quadratic MAG model

@ General quadratic parity preserving action with dynamical torsion and
nonmetricity:

5= / A5/ =g {am o [“Rt @  + arBapu B 4 ay B RO
+ asRpu R + a5 R ppw RN + a6 R ppw R* + a7 Rpap R*M”
+ agRWRW + GQRHVRVM G alORuuRMV G a11RuuRV” a4 a12RuuRMV
= alBRuuRyu + a R A;WRP oM+ as R AWRW + ais R AWRW
+ 010 T + ba T THY + bsT 3T 7 + 1 Ta Q*
+ T QY i+ 3T 3 Q" 1 + d1Qrw QM + d2Q i Q™
+daQ@ W@ ¥+ diQ 2@ i+ d5Q Q] }

@ There are 27 coupling constants, but the above theory (in general)
contains ghosts (see Jorge Gigante’s talk for improvement).
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ Contribution of the spin-3 field (helicity-3 part) around flat FRW up to second order for the most
general parity-preserving quadratic MAG action:

@ _ _1 3. 35(0) | (A(TTN2 _ 1 (TT)) 2
sP = lﬁﬂ/dtd za3g [(Cjk) = (P

4 . . 2
+;TzsijkC(TT)zlmDJC(TT)klm = m%’,eff (CZ»(;»II;T)) :|

1 / Pk 3.0) |1 40a)2 (A)121~(A)2
— dt —— a6 | [C2 — [WE)21Cc? |,
167 A;LR (2m)3 = T Ok

where [w(c‘j‘,l]z =h ATk + mg, . @nd to avoid ghosts

BNIE."Q

1
g;C) :—Z(2a2+2a3+a5+a6+a7)>0~

20/23
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ Contribution of the spin-3 field (helicity-3 part) around flat FRW up to second order for the most
general parity-preserving quadratic MAG action:

@ _ _1 3. 35(0) | (A(TTN2 _ 1 (TT)) 2
sP = lﬁﬂ/dtd za3g [(Cjk) = (P

4 . . 2
+;TzsijkC(TT)zlmDJC(TT)klm = m%’,eff (CZ»(;»II;T)) :|

1 / Pk 3.0) |1 40a)2 (A)121~(A)2
— dt —— a6 | [C2 — [WE)21Cc? |,
167 A;LR (2m)3 = T Ok

where [w(c‘j‘,l]z =h ATk + mg, . @nd to avoid ghosts

BNIE."Q

1
g;C) :—Z(2a2+2a3+a5+a6+a7)>0~

20/23
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ Contribution of the spin-3 field (helicity-3 part) around flat FRW up to second order for the most
general parity-preserving quadratic MAG action:

where [w

S,

(A)
C.k

(2)
©

=

_ 1 3. 3000 | (A(TD\2_ 1 (TT)\?
= 1o wdadf?|(650) - 5 (peefD)
4 3 i TT)\ 2
+;T26ijkC(TT)"lmDJC(TT)klm = m%’,eff (Cz(_yk )) :|
1 d3k c B A
_ dt 3600 |12 _ 1,2 1c(A)2
16m A=2L:R/ (2m)3 a*Gr || 17 = lwg, )L o

% —4AAATo % +m2, 4 and to avoid ghosts

1
g;C) :—Z(2a2+2a3+a5+116+a7)>0~

Recall here that T> = T»(t) is the torsion background function in the pseudo-vector S,,.
@ Field equation of the spin-3 field around flat FRW:
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term
Tyeij,uC T, DICEDEM o\ Tok[C]? (momentum space)

which originates from the covariant interaction q,,¢”™ S“V*q,..
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term
TyeijuC T, DICEDRM o\ Tok[CM]? (momentum space)

which originates from the covariant interaction aauAquT”SO‘V“q,,TA.

@ Recallthat A\ = —1 and Ar = + 1 so this term yields different
contributions to the L and R modes.
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term
Tyeij,uC T, DICEDEM o\ Tok[C]? (momentum space)

which originates from the covariant interaction aauAﬂqPT”SaV“qpﬂ.

@ Recallthat A\, = — 1 and Ar = + 1 so this term yields different
contributions to the L and R modes.

@ While the original gravitational action is parity-preserving, the
background evolution of the universe breaks the time reflection
symmetry and then S° oc T, # 0 spontaneously breaks the parity
invariance of the perturbations, i.e. the left-handed and right-handed

modes of Cl.(ﬁT) obey different equations of motion.
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Cosmological perturbations of the spin-3 field (helicity-3 part)

@ The quadratic action contains the parity-violating term
Tyeij,uC T, DICEDEM o\ Tok[C]? (momentum space)

which originates from the covariant interaction aauAﬂqPT”SaV“qu.

@ Recallthat A\, = — 1 and Ar = + 1 so this term yields different
contributions to the L and R modes.

@ While the original gravitational action is parity-preserving, the
background evolution of the universe breaks the time reflection
symmetry and then S° oc T, # 0 spontaneously breaks the parity
invariance of the perturbations, i.e. the left-handed and right-handed

modes of Cl.(ﬁT) obey different equations of motion.

@ Note that if the background function 75 # 0, we will always have such
terms.
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Conclusions

@ We have derived all the possible cosmological perturbations arising
from MAG, by performing 3+1, SVT decompositions and their
helicities over the metric, torsion and nonmetricity tensors.
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@ We have derived all the possible cosmological perturbations arising
from MAG, by performing 3+1, SVT decompositions and their
helicities over the metric, torsion and nonmetricity tensors.

@ We found that the theory displays a rich perturbation spectrum with
helicities 0, 1, 2 and 3, on top of the usual scalar, vector and tensor
metric perturbations arising from Riemannian geometry.

@ The theory provides a diverse phenomenology, e.g. the helicity-2
modes of the torsion and/or nonmetricity tensors source helicity-2
metric tensor perturbation at the linear level leading to the
production of gravitational waves.

@ As an immediate application, we study linear perturbation of the
nonmetricity helicity-3 modes (this model decouples from the metric)
for a general parity-preserving action of metric-affine gravity which
includes quadratic terms in curvature, torsion, and nonmetricity.
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What do to next?

@ Further understand the role of dynamical modes and ghosts in
cosmological backgrounds.
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What do to next?

@ Further understand the role of dynamical modes and ghosts in
cosmological backgrounds.

@ Cosmology of the complete model: from inflation to dark energy -
using perturbation theory. spin-3 field? dark matter?

@ New possible gravitational wave effects? primordial black holes in
MAG? stochastic GW?

@ Perturbations of BH solutions: can we formulate a similar

perturbation theory for black holes? quasinormal modes? Love
Numbers?
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