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Brief introduction to Metric-Affine geometries

Metric and connection are independent quantities and the new dof are
known as torsion and nonmetricity

Torsion and nonmetricity tensors

T λ
µν = 2Γ̃λ

[µν] 24 dof (Measures the nonclosure of infinitesimal parallelograms)

Qλµν = ∇̃λgµν 40 dof (Measures the change of lengths and angles under parallel transport)

The general curvature is

Curvature tensor
R̃λ

ρµν = ∂µΓ̃
λ
ρν − ∂ν Γ̃

λ
ρµ + Γ̃λ

σµΓ̃
σ

ρν − Γ̃λ
σν Γ̃

σ
ρµ 96 dof

It is possible to perform as post-Riemannian expansion using

Γ̃λ
µν = Γλ

µν +Nλ
µν ,

Nλ
µν =

1

2
Tλ

µν − T(µ
λ
ν) +

1

2
Qλ

µν −Q(µ
λ
ν) .
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Symmetries and identities of the curvature tensor

Skew symmetry of the last pair of indices of the curvature tensor:

R̃ρσ(µν) = 0 .

Bianchi identities:

R̃λ
[µνρ] = ∇̃[µT

λ
ρν] + T σ

[µρ T
λ
ν]σ ,

∇̃[σ|R̃
λ
ρ|µν] = Tω

[σµ|R̃
λ
ρω|ν] ,

R̃(λρ)
µν = ∇̃[νQµ]

λρ +
1

2
T σ

µνQσ
λρ .

Three independent rank-2 tensors defined from the first contractions
of the curvature tensor:

R̃µν = R̃λ
µλν , R̂µν = R̃µ

λ
νλ , R̃λ

λµν = ∇[νQµ]λ
λ .

Unique scalar and pseudoscalar curvatures:

R̃ = gµνR̃µν , ∗R̃ = ελρµνR̃λρµν .

Sebastian Bahamonde Stability in Cubic MAG 4 / 20



Symmetries and identities of the curvature tensor

Skew symmetry of the last pair of indices of the curvature tensor:

R̃ρσ(µν) = 0 .

Bianchi identities:

R̃λ
[µνρ] = ∇̃[µT

λ
ρν] + T σ

[µρ T
λ
ν]σ ,

∇̃[σ|R̃
λ
ρ|µν] = Tω

[σµ|R̃
λ
ρω|ν] ,

R̃(λρ)
µν = ∇̃[νQµ]

λρ +
1

2
T σ

µνQσ
λρ .

Three independent rank-2 tensors defined from the first contractions
of the curvature tensor:

R̃µν = R̃λ
µλν , R̂µν = R̃µ

λ
νλ , R̃λ

λµν = ∇[νQµ]λ
λ .

Unique scalar and pseudoscalar curvatures:

R̃ = gµνR̃µν , ∗R̃ = ελρµνR̃λρµν .

Sebastian Bahamonde Stability in Cubic MAG 4 / 20



Symmetries and identities of the curvature tensor

Skew symmetry of the last pair of indices of the curvature tensor:

R̃ρσ(µν) = 0 .

Bianchi identities:

R̃λ
[µνρ] = ∇̃[µT

λ
ρν] + T σ

[µρ T
λ
ν]σ ,

∇̃[σ|R̃
λ
ρ|µν] = Tω

[σµ|R̃
λ
ρω|ν] ,

R̃(λρ)
µν = ∇̃[νQµ]

λρ +
1

2
T σ

µνQσ
λρ .

Three independent rank-2 tensors defined from the first contractions
of the curvature tensor:

R̃µν = R̃λ
µλν , R̂µν = R̃µ

λ
νλ , R̃λ

λµν = ∇[νQµ]λ
λ .

Unique scalar and pseudoscalar curvatures:

R̃ = gµνR̃µν , ∗R̃ = ελρµνR̃λρµν .

Sebastian Bahamonde Stability in Cubic MAG 4 / 20



Symmetries and identities of the curvature tensor

Skew symmetry of the last pair of indices of the curvature tensor:

R̃ρσ(µν) = 0 .

Bianchi identities:

R̃λ
[µνρ] = ∇̃[µT

λ
ρν] + T σ

[µρ T
λ
ν]σ ,

∇̃[σ|R̃
λ
ρ|µν] = Tω

[σµ|R̃
λ
ρω|ν] ,

R̃(λρ)
µν = ∇̃[νQµ]

λρ +
1

2
T σ

µνQσ
λρ .

Three independent rank-2 tensors defined from the first contractions
of the curvature tensor:

R̃µν = R̃λ
µλν , R̂µν = R̃µ

λ
νλ , R̃λ

λµν = ∇[νQµ]λ
λ .

Unique scalar and pseudoscalar curvatures:

R̃ = gµνR̃µν , ∗R̃ = ελρµνR̃λρµν .

Sebastian Bahamonde Stability in Cubic MAG 4 / 20



Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

Tλ
µν =

1

3

(
δλ νTµ − δλ µTν

)
+

1

6
ελ ρµνS

ρ + tλ µν .

Vector part Tµ = T λ
µλ,

Axial vector part Sµ = εµνρσT
νσρ,

Tensor part tλ µν = T λ
µν − 1

3

(
δλ νTµ − δλ µTν

)
− 1

6ε
λ
ρµνS

ρ.

Irreducible decomposition of the nonmetricity tensor
Qλµν = gµνWλ +↗Qλµν ,

↗Qλµν =
1

2
(gλµΛν + gλνΛµ)−

1

4
gµνΛλ +

1

3
ελρσ(µΩν)

ρσ + qλµν .

Weyl vector Wµ = 1
4Qµν

ν ,
Second vector part Λµ = 4

9 (Q
ν
µν −Wµ),

First tensor part Ωλ
µν = −

[
εµνρσQρσλ + εµνρ λ

(
3
4Λρ −Wρ

)]
,

Second tensor part qλµν = Q(λµν) − g(µνWλ) − 3
4g(µνΛλ).
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Vector and axial sectors in quadratic Poincaré gauge theory

Class of quadratic Poincaré gauge models that are reduced to
General Relativity in the absence of torsion:

Sg =
1

16π

∫ [
c2R̃λρµνR̃

λµρν −R− 1

2
(2c1 + c2) R̃λρµνR̃

µνλρ + c1R̃λρµνR̃
λρµν

+ d1R̃µν

(
R̃µν − R̃νµ)+ 1

2

(
m2

TTµT
µ +m2

SSµS
µ +m2

t tλµνt
λµν)]√−g d4x .

Focusing on the vector and axial modes of torsion:

R̃λρµν = Rλρµν +
2

3

(
gλ[ν∇µ]Tρ − gρ[ν∇µ]Tλ

)
+

1

6
ελρσ[µ∇ν]S

σ

+
2

9

(
2T[λgρ][νTµ] + gλ[νgµ]ρTσT

σ)+ 1

72

(
2S[λgρ][µSν] + gλ[µgν]ρSσS

σ)
+

1

18

[
2εµνσ[λTρ]S

σ +
(
gλ[νεµ]ρσω − gρ[νεµ]λσω

)
TσSω] ,

R̃µν = Rµν − 1

3

(
2∇νTµ + gµν∇λT

λ
)
+

1

12
ελρµν∇λSρ

+
2

9

(
TµTν − gµνTλT

λ
)
+

1

72

(
gµνSλS

λ − SµSν

)
.

Sebastian Bahamonde Stability in Cubic MAG 6 / 20



Vector and axial sectors in quadratic Poincaré gauge theory
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Vector and axial sectors in quadratic Poincaré gauge theory

Instabilities in the vector and axial sectors:

L(2)
g ∝ 1

9
(4c1 + c2 + 2d1)F

(T )
µν F (T )µν − 1

72
(4c1 + c2 + d1)F

(S)
µν F (S)µν

+
1

24
(c2 − 2c1)∇µS

µ∇νS
ν +

1

27
(c1 − 2c2)S

µSν∇µTν

− 1

108
(4c1 + c2)SµS

µ∇νT
ν +

1

18
(2c1 − c2)T

µSν∇νSµ

+
1

36
(4c1 + c2)GµνS

µSν +
1

72
(4c1 + c2)RSµS

µ

− 1

162
(4c1 + c2)TµT

µSνS
ν +

1

81
(2c2 − c1)TµS

µTνS
ν

+
1

2
m2

TTµT
µ +

1

2
m2

SSµS
µ .
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Cubic Poincaré gauge theory

Cubic parity preserving branch with mixing terms:1

L(3)
curv−tors = L(3)

R̃TT
+ L(3)

R̃SS
+ L(3)

R̃tt
+ L(3)

R̃TS
+ L(3)

R̃T t
+ L(3)

R̃St
,

L(3)

R̃TT
= h1R̃µνT

µT ν + h2R̃TµT
µ , L(3)

R̃SS
= h3R̃µνS

µSν + h4R̃SµS
µ ,

L(3)

R̃tt
= h5R̃λρµνtσ

λρtσµν + h6R̃λρµνtσ
λµtσρν + h7R̃λρµνt

λρ
σt

σµν

+ h8R̃λρµνt
λµ

σt
σρν + h9R̃λρµνt

λµ
σt

ρνσ + h10R̃λρtµν
λtρµν

+ h11R̃λρtµν
λtµνρ + h12R̃tλρµt

λρµ ,

L(3)

R̃TS
= h13ε

λρµνR̃λρµνTσS
σ + h14εν

λρσR̃λρµσT
µSν + h15ε

λρµνR̃λρTµSν ,

L(3)

R̃T t
= h16R̃λρµνT

νtλρµ + h17R̃λρµνT
ρtλµν + h18R̃λρTµt

µλρ + h19R̃λρTµt
λρµ,

L(3)

R̃St
= h20εαρµνR̃τ

ρµνSγtατ
γ + h21εαρµνR̃τ

ρµνSγtγ
ατ

+ h22εαρ
µνR̃ρ

µτνS
γtγ

ατ + h23εαρ
µνR̃γµτνS

αtγρτ

+ h24εαρ
µνR̃γµτνS

αtρτγ + h25εαρτµR̃
µ
γS

αtρτγ + h26ελρµνR̃
λρSσt

σµν .

1
S. Bahamonde and J. Gigante Valcarcel, Phys. Rev. D 109 (2024) no.10, 10
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Vector and axial sectors in cubic Poincaré gauge theory

Stable vector and axial sectors:

L ∝ −R+
1

9
(4c1 + c2 + 2d1)F

(T )
µν F (T )µν −

1

72
(4c1 + c2 + d1)F

(S)
µν F (S)µν

+
1

24
(c2 − 2c1)∇µS

µ∇νS
ν +

1

54
[2c1 − 4c2 − 9 (4h3 + 6h13 + h14)]S

µSν∇µTν

−
1

108
[4c1 + c2 + 9 (4h3 + 24h4 + 2h14 − h15)]SµS

µ∇νT
ν

+
1

18
[2c1 − c2 − 3 (6h13 + h14 − h15)]T

µSν∇νSµ − 2h2TµT
µ∇νT

ν

−
2

3
(h14 − h15) ε

λρµνTλSρ∂µTν +
1

36
(4c1 + c2 + 36h3)GµνS

µSν

+
1

72
[4c1 + c2 + 36 (h3 + 2h4)]RSµS

µ + h1GµνT
µT ν +

1

2
(h1 + 2h2)RTµT

µ

−
1

648
[16c1 + 4c2 − 9 (h1 + 3h2 − 16h3 − 48h4 − 8h14)]TµT

µSνS
ν

+
1

648
[16c2 − 8c1 − 9 (h1 − 16h3 − 48h13 − 8h14)]TµS

µTνS
ν

−
2

3
h2TµT

µTνT
ν +

1

24
h4SµS

µSνS
ν +

1

2
m2

TTµT
µ +

1

2
m2

SSµS
µ .
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Vector and axial sectors in cubic Poincaré gauge theory

First stability constraints (6 equalities):

c2 = 2c1 , h2 = − h1

2
, h3 = − 1

6
(c1 + 6h13) ,

h4 =
h13

2
, h14 = − 2h13 , h15 = 4h13 .

Reduced Lagrangian:

L ∝ −R +
2

9
(3c1 + d1)F

(T )
µν F

(T )µν −
1

72
(6c1 + d1)F

(S)
µν F

(S)µν

+ 2h1TµT
µ∇νT

ν
+ 4h13ε

λρµν
TλSρ∂µTν + h1GµνT

µ
T

ν − h13GµνS
µ
S
ν

+
1

144
(16h13 − h1)TµT

µ
SνS

ν
+

1

72
(16h13 − h1)TµS

µ
TνS

ν

+
1

3
h1TµT

µ
TνT

ν
+

1

48
h13SµS

µ
SνS

ν
+

1

2
m

2
T TµT

µ
+

1

2
m

2
SSµS

µ
.

Complete theory contains 23+3 constants. Clearly − d1

6 ≤ c1 ≤ − d1

3 , d1 ≤ 0.

Conclusion 1: Problem solved
By adding Cubic interactions, it is possible to construct a stable theory
with propagating torsion in the gauge formalism
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Quadratic Metric-Affine Gravity
The most general quadratic gravitational action of MAG that is reduced
to GR in the absence of torsion and nonmetricity is

S =
1

16π

∫ [
−R −

1

2
(2c1 + c2) R̃λρµν R̃

µνλρ
+ (a2 − c1) R̃λρµν R̃

ρλµν
+ a2R̃λρµν R̃

λρµν

+ (c2 − a5 + a6) R̃λρµν R̃
µρλν

+ a5R̃λρµν R̃
λµρν

+ a6R̃λρµν R̃
ρµλν

+ (d1 − a10 − a12) R̃µν R̃
µµ

+ a9R̃µν R̃
νµ

+ a10R̂µν R̂
µν

+ a11R̂µν R̂
νµ − (d1 + a9 + a11) R̃µν R̂

νµ
+ a12R̃µν R̂

µν

+ a14R̃
λ
λµν R̃

ρ
ρ
µν

+ a15R̃µν R̃
λ
λ
µν

+ a16R̂µν R̃
λ
λ
µν

+
1

2
m

2
T TµT

µ
+

1

2
m

2
SSµS

µ
+

1

2
m

2
t tλµνt

λµν
+

1

2
m

2
WWµW

µ
+

1

2
m

2
ΛΛµΛ

µ
+

1

2
m

2
ΩΩλµνΩ

λµν

+
1

2
m

2
qqλµνq

λµν
+

1

2
αTW TµW

µ
+

1

2
αTΛTµΛ

µ
+

1

2
αWΛWµΛ

µ
+

1

2
αtΩερµνσΩ

λρµ
t
ν
λ
σ
]√

−g d
4
x .

As can be seen, the action includes a total:
13 coefficients c1, c2, d1, a2, a5, a6, a9, a10, a11, a12, a14, a15 and a16
associated with the quadratic curvature invariants (only c1, c2, d1
contribute in Poincare)

11 coefficients mT , mS , mt, mW , mΛ, mΩ, mq, αTW , αTΛ, αWΛ and
αtΩ associated with the quadratic torsion and nonmetricity invariant.
All of them are stable (with the correct signs)
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Quadratic Metric-Affine Gravity - Vector/Axial Stability
Let us focus on the axial and vector sectors. Let us recall the decomposition:

Tλ
µν =

1

3

(
δλ νTµ − δλ µTν

)
+

1

6
ελ ρµνS

ρ + tλ µν ,

Qλµν = gµνWλ +
1

2

(
gλµΛν + gλνΛµ

)
−

1

4
gµνΛλ +

1

3
ελρσ(µΩν)

ρσ + qλµν .

From torsion: 1 vector Tµ and 1 axial vector Sµ

From nonmetricity: 2 vectors Wµ and Λµ.
It was shown before that torsion cannot be propagating and nonmetricity can
propagate. So from the 13 constants controlling the kinetic terms:

LQuad = −R+ 2R̃(λρ)µν

(
a2R̃

(λρ)µν + 2a5R̃
(λµ)ρν

)
+ a14R̃

λ
λµνR̃

ρ
ρ
µν

+ a15
(
R̃µν − R̂µν

)
R̃λ

λ
µν + a10

(
R̃µν − R̂µν

)(
R̃µν − R̂µν

)
−

1

2
(2a10 + a2 + a5)

(
R̃µν − R̂µν

)(
R̃νµ − R̂νµ

)
.

New question to address
Is it possible to have both torsion and nonmetricity propagating in a
stable theory?
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Cubic Metric-Affine Gravity - Curvature and torsion

The first contribution comes from mixing terms which depend linearly
on the curvature tensor and quadratically on the torsion tensor.

When nonmetricity is non vanishing, the curvature tensor has less
symmetries. Thus, it is possible to construct much more cubic
interactions.
There are 46 possible terms with couplings constants from {hi}i=1,..46

that can be split as:

L(3)
curv−tors = L(3)

R̃TT
+ L(3)

R̃SS
+ L(3)

R̃tt
+ L(3)

R̃TS
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Cubic Metric-Affine Gravity - Curvature and Nonmetricity and mixing terms

The second contribution comes from mixing terms which depend linearly on
the curvature tensor and quadratically on the nonmetricity tensor.

There are 61 possible terms with couplings constants from {hi}i=47,..107 that
can be split as:

L(3)
curv−nonm = L(3)

R̃WW
+L(3)

R̃ΛΛ
+L(3)

R̃ΩΩ
+L(3)

R̃qq
+L(3)

R̃WΛ
+L(3)

R̃WΩ
+L(3)

R̃Wq
+L(3)

R̃ΛΩ
+L(3)

R̃Λq
+L(3)

R̃Ωq
.

For example the first one is

L(3)

R̃WW
= h47R̃αρW

αW ρ + h48R̂αρW
αW ρ + h49R̃WαW

α

The last contributions comes from mixing terms which depend linearly on the
curvature tensor and linearly on both torsion and nonmetricity tensors.
That case is extremely non-trivial since there are 102 different terms with
couplings constants from {hi}i=108,..209:

L(3)
curv−tor−nonm = L(3)

R̃TW
+ L(3)

R̃TΛ
+ L(3)

R̃TΩ
+ L(3)

R̃Tq
+ L(3)

R̃SW
+ L(3)

R̃SΛ
+ L(3)

R̃SΩ
+ L(3)

R̃Sq
+ L(3)

R̃tW

+L(3)

R̃tΛ
+ L(3)

R̃tΩ
+ L(3)

R̃tq
,

where for example the first term reads
L(3)

R̃TW
= h108R̃αρT

ρ
W

α
+ h109R̃αρT

α
W

ρ
+ h110R̂αρT

ρ
W

α
+ h111R̂αρT

α
W

ρ
+ h112R̃

ω
ω

α
ρTαW

ρ

+ h113R̃TαW
α

.
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Cubic Metric-Affine Gravity
Putting all together we will have the following final Lagrangian with 233 arbitrary
constants:

Cubic Metric-Affine gravity Lagrangian

16πL = LQuad + L(3)
curv−tors + L(3)

curv−nonm + L(3)
curv−tor−nonm .

By expanding this complicated theory in the axial and vector sectors we have 109
different types of terms (couplings of all type).
In order to understand the stability of the theory, it is useful to define the following
kinetic terms as

LFF = −
1

4
κXY F

(X)
µν F (Y )µν , F (X) = (F (S), F (T ), F (W ), F (Λ)) ,

where the kinetic matrix becomes

κXY = −2


2l6 0 0 0
0 2l1 l30 l43
0 l30 2l11 l70
0 l43 l70 2l16

 .

with li depends only on the quadratic MAG parameters c1, c2, d1 and ai (not on the
Cubic part).

We need to eliminate all possible pathological terms and then study the kinetic matrix.
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Cubic Metric-Affine Gravity - Stability procedure
For the MAG case, to eliminate all pathological terms we reduce the complete theory from 233
constants to 194.

To analyze the kinetic sector of the MAG geometry, we assumed the propagation of three vector
fields and one axial vector (all of the possible terms are propagating).
Since Sµ is decoupled from the other modes, one can first analyse the 2x2 matrix generated by
{F (S), F (T )}. All the Eigenvalues must be non-negative implying

−
d1

6
≤ c1 ≤ −

d1

3
, d1 ≤ 0 .

After noticing this, we reduce the kinetic matrix for the whole remaining system as a 3x3 matrix
one given by

κ
(3)
XY =

 −4l1 −2l30 −2l43
−2l30 −4l11 −2l70
−2l43 −2l70 −4l16

 .

Again, this matrix must be non-negative and since −4l1 ≥ 0, we can split the study into three
different 2x2 matrices associated to the pairs {Tµ,Wµ}, {Tµ,Λµ} and {Wµ,Λµ}.

One needs to diagonalise such kinetic matrices and then assume that all eigenvalues are

non-negative. This is indeed possible to do and then, we find that both torsion and nonmetricity

can be propagating in a healthy way.
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Reissner-Nordström-like black holes

Explicit symmetries on the metric and torsion tensors:

Lξgµν = LξT
λ
µν = LξQλµν = 0 =⇒ LξR̃

λ
ρµν = 0 .

Static and spherically symmetric space-times:

#10 → #2

{
ds2 = Ψ1(r) dt

2 − dr2

Ψ2(r)
− r2

(
dϑ2 + sin2 ϑdφ2

)
;

#24 → #8


T t

tr T r
tr T ϑ

tϑ

T ϑ
rϑ T ϑ

tφ T ϑ
rφ

T t
ϑφ T r

ϑφ

#40 → #12


Qttt Qtrr Qttr

Qtϑϑ Qrtt Qrrr

Qrtr Qrϑϑ Qϑtϑ

Qϑrϑ Qϑtφ Qϑrφ
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Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

We found an exact spherically symmetric solution behaving as a
Reissner-Nordström-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic
charges.
It is important to mention that the in this theory both torsion and
nonmetricity are propagating and moreover, their spin-2 and spin-3
parts are dynamical.
All the masses of the tensor modes of torsion and nonmetricity are
different from zero =⇒ We evaded the Weinberg-Witten no-go
theorem (massless higher-spin fields are pathological)
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Conclusions

The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also
Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.

It is then possible to find both torsion and nonmetricity being dynamical with
healthy vector and axial sectors.
The resulting theory contains many new free parameters: In Poincaré we
have 26 constants and in MAG we have 194.

In analogy to quadratic MAG theories, a further restriction on the
Lagrangian coefficients provides Reissner-Nordström-like black hole
solutions with dynamical torsion and nonmetricity.
For the first time we found a solution with all the intrinsic charges
without known instabilities and with all higher-spin masses of torsion
and nonmetricity.
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What to do next?

Investigate the stability of the tensor sector of both Poincaré and MAG
gauge theories.

Study the cosmology of Cubic cosmology and find possible scenarios
where new effects could predict new ways to test torsion and
nonmetricity.
For example: Can these theories explain effects such as isotropic
cosmic birefringence? What are the predictions of primordial black
holes? what is the role of these geometrical quantities in the Early
Universe? tensions?
Study the axial symmetry of the Poincaré case to find a gravitational
spin-orbit interaction (interaction between the intrinsic spin and the
angular momentum)
It is possible to find a renormalizable theory with these cubic
interactions?
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