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Brief introduction to Metric-Affine geometries

@ Metric and connection are independent quantities and the new dof are
known as torsion and nonmetricity
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Torsion and nonmetricity tensors

T)‘ py = 21—‘>\ v 24 dof  (Measures the nonclosure of infinitesimal parallelograms)

Q A\ = AV AGuv 40 dof (Measures the change of lengths and angles under parallel transport)
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Brief introduction to Metric-Affine geometries

@ Metric and connection are independent quantities and the new dof are
known as torsion and nonmetricity

Torsion and nonmetricity tensors

T)\ py = 21—‘>\ (] 24 dof  (Measures the nonclosure of infinitesimal parallelograms)

Q A\ = AV AGuv 40 dof (Measures the change of lengths and angles under parallel transport)

@ The general curvature is

Curvature tensor

R =0, ,, — 3,1, +T*,,7,, —T*,,19,, 96 dof

@ ltis possible to perform as post-Riemannian expansion using

A A A
r p.z/:F p,v"‘N nzx
1

1
A A A A A
N /,LI/:§T Mu_T(H I/)+§Q MV_Q([L v) -
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Symmetries and identities of the curvature tensor

o Skew symmetry of the last pair of indices of the curvature tensor:

Rpo(u) = 0.

Sebastian Bahamonde Stability in Cubic MAG 4/20



Symmetries and identities of the curvature tensor

o Skew symmetry of the last pair of indices of the curvature tensor:
Rpo(u) = 0.
@ Bianchi identities:
S S A A
R (v} = VT po) + 17 13 T g
S BA A
Viol B plw) = T fou B pupy) »

- = 1
RO w = VpQy Aoy 5 T7 Qo ™.
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Symmetries and identities of the curvature tensor

o Skew symmetry of the last pair of indices of the curvature tensor:
Rpo(u) = 0.
@ Bianchi identities:
PA = A A
R (v} = VT po) + 17 13 T g
S BA _ PA
Viel B o) = T jou B puol) »
. - 1, .
RO w = VpQy Aoy 5 T7 Qo ™.

@ Three independent rank-2 tensors defined from the first contractions
of the curvature tensor:

R;w = R)\,U)\I/ ) ﬁ;w = Ru)\ VA RA)\,UJ/ = V[VQ[L])\)\ 0

Sebastian Bahamonde Stability in Cubic MAG 4/20



Symmetries and identities of the curvature tensor

o Skew symmetry of the last pair of indices of the curvature tensor:
Rpo(u) = 0.
@ Bianchi identities:
PA S A A
R (v} = VT po) + 17 13 T g
S PA PA
Viol B o) = T o B puof]
~ = 1
A o A
RO») w = VpQu ™+ 5 T7 Qo ™.
@ Three independent rank-2 tensors defined from the first contractions
of the curvature tensor:
R;w = R)\,u)\uy ﬁ«)uu = Ru)\ VA RA)\,UJ/ = V[uQ,u])\)\ 0
@ Unique scalar and pseudoscalar curvatures:

- - - N
R=g¢g"R,, *R=e"Ryp.
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + 65’\ ourSP + 1
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + gs’\ ourSP + 1

o Vector part T, = T2 5,
o Axial vector part S, = €017,

Sebastian Bahamonde Stability in Cubic MAG 5/20



Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + ga’\ ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, =T, — 2 (1, T, — * . T,,) — 22 5P
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + ga’\ ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 -
Ql)\;w = 5 (g)\uAu + g)\uAp,) - ng,VAA + §€Apa'(p,Qu) PO+ D\ -
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1
T = = (5A -8, T, )+65 ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 :
Q{)\uu = (g)\MA + g)\uA ) Zg/.u/AA + 55)\;70'(#91/) HT S D\ -

o Weyl vector W, = 1Q,, 7,
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Irreducible decomposition of the torsion tensor

1 1
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + ga’\ ourSP + 1

o Vector part 7), = T*,,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 -
Q)\uu = 5 (g)\uAu + g)\uAu) - ng,VAA + §€Apa'(p,Qu) e pv -

o Weyl vector W, = 1Q,, 7,
@ Second vector part A, = § (Q” . — W),
o First tensor part Q\ # = — [eP7Qpox + P 5 (2N, — W,)],
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor

1 1
™, = 3 (6*,T, — 0* . T,) + Es* ourSP + 1

o Vector part T, = T2 5,
o Axial vector part S, = €017,
o Tensor part t* ,, = T* ) — 3 (8%, T, — 6* \T,) — g€ puSP-

Irreducible decomposition of the nonmetricity tensor

Q}\HV = guVW)\ + /@)\/_LV ’

1 1 1 -
Q)\;w = 5 (g)\,uAu + g)\uAu) - ng,VAA + §€Apa'(p,Qu) PO+ D\ -

o Weyl vector W, = 1Q,, 7,

@ Second vector part A, = § (Q” . — W),

o First tensor part )\ # = — [eP7Qpox + P 5 (2N, — W,)],
@ Second tensor part g = Q(nuw) — 9w W) — 29(uwy)-
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Vector and axial sectors in quadratic Poincaré gauge theory

o Class of quadratic Poincaré gauge models that are reduced to
General Relativity in the absence of torsion:

1 D D v 1 D DY D, D v
So= 1= [CZRAWR*W’ — R— 2 (201 + c2) Ragyu R A 4 ey R R

+ diR,. (R’“’ - RV“) + %(m%TMT” +m%S,8" + mftwutw”)] V—gd'z.
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Vector and axial sectors in quadratic Poincaré gauge theory

o Class of quadratic Poincaré gauge models that are reduced to
General Relativity in the absence of torsion:

1 D D v 1 D DY D, D v
So= 1= [CZRA,WRW — R— 2 (201 + c2) Ragyu R A 4 ey R R
1

+ diR,. (R’“’ - RV”) + 5( T, T" + m%S,58" + mfb\wt)‘””)] V—gd'z.

@ Focusing on the vector and axial modes of torsion:

2
3

9 o1 ”
+ 5 CTogow T + 9r0 90, TeT7) + =5 (25009p11uSu) + 9710 901052:5°)

. 1
Ropur = Bopur + 5 (930 VT = 9o Vi Ta) + 53001V S”

1 ) o o
+ == [26en T S7 + (gawEulpow — GolvEnirow) T75%]

18
= 1 A 1 A @
Ruu = R,u,u - § (QVVTH + gp,uv/\T ) + EE)\py,yv S
2 A 1 A
+5 (LT - uDT) + = (95:8* - 5.5.) -
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Vector and axial sectors in quadratic Poincaré gauge theory

@ Instabilities in the vector and axial sectors:

1 w Al »
£ g (e + e+ 2dn) FD pTwy _ =5 (der + 2+ dn) F) pSm

1 v

+ ﬁ (Cz — 201) VHSNVVS + E (Cl — 202) StS V,,,Tl,
108 (401 +02)S SH N2 T + E (201 _CQ)TMS Y S

+ % (der + c3) Gy S*S” + i (4c1 + ¢2) RS,.S"
162 (401 —+ 02)T T”S SY + 8_ (262 — Cl)T SH T, SY
1 1

ol EmTTMTI—L + 57’7155'“5” °

and then ¢1 = ¢2 = d1 = 0 (only the masses survives in general backgrounds!)
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Vector and axial sectors in quadratic Poincaré gauge theory

@ Instabilities in the vector and axial sectors:
1 v
£ é (4c1 + ¢+ 2dy) FSD RO _ =5 (der + 2+ dn) F) pSm

1
+ i (Cz — 261) VHS;LVUSV + — (Cl — 202) S“SVVMTI,

2% 27

_ ﬁ (4c1 + c2) SuS* V., T + % (2c1 — c2) T*S" V., S,
+ % (41 4 ¢2) G S*S” + % (4e1 + c2) RS, 5"

_ 1%2 (4er + e2) T, T"S, 8" + Sil (2c2 — e1) T S"T, 8"
+ %m%TuT“ + %m%sus” :

and then ¢; = ¢2 = di = 0 (only the masses survives in general backgrounds!)

Important problem!

It is not possible to have a stable propagating torsion tensor in quadratic Poincaré
gauge theory for general backgrounds
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Cubic Poincaré gauge theory

@ Cubic parity preserving branch with mixing terms:’

(3) — r® ®3) @) (3) () ®3)
Lenrv—tors = ERTT + ERSS’ - Eﬁitt + [’RTS - 'CRTt - ERSt ’
LY =R, T'T" + ho RT,T", LS = hgR,. S"S” + haRS,S"

Lgt)t = h5R>‘P“"t‘7)\ptduu + hﬁR)\puvtaA”topu + h7R>\ﬂuut)\patU“”
+ s Rpunt™ ot7 + ho Ropyunt™ 0177 + hao Rty 7
+ hllR)\ptull)\tqu + hlgfit)\putk"” ,
Egi)“s = h135ApWR>\puVTUSU + h14EuApURApuaT”SV + h155>\pl“/R)\pTuSu »
Lg;t = P16 Roppe T " + haz R TP 4 hag R, Tt 4 hag Ry, Tyt ™",
Eg;t = hZOSQP“”RTpWSA{taT'y + h215apuu[%-rp”"5'yt'yar
+ h225apwépmuswtvm + h23€apuVR’7liTuSat7pT

+ h24“50¢puuFh")fy;u—wgo‘tm—’Y + h255apTuRM'ySatpT7 + h26€Ap“yR>\pSgtauy o

1S. Bahamonde and J. Gigante Valcarcel, Phys. Rev. D 109 (2024) no.10, 10
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Vector and axial sectors in cubic Poincaré gauge theory

@ Stable vector and axial sectors:
Lo —R+ % (4c1 + co + 2dy) FSD) F(Dmv _ % (4c1 + ¢z + di) FS) FSmv
n i (c2 — 2¢1) V,uSHV, 8% + 5i4 [2¢1 — dca — 9 (4hs + 6has + h1a)] SHS¥ VT,
- % [der + ca + 9 (4hs + 24hy + 2h14 — hys)] SuSHV, T
+ %8 [2¢1 — c2 — 3 (6h13 + h1a — h15)] THSYV Sy — 2k T, THV,TY
—;wmqmﬁMWn&¢n+%@q+@+%mmwwy

1 1

+ 5 [401 +c2 + 36 (hs + 2h4)] RSHS’“ + hlGHyT”"TV + 5 (h1 + 2h2) RTHT”
1

— @ [1661 +4co — 9 (h1 + 3ho — 16hg — 48hy — 8h14)] T,,LT”"SDSV

1
+ @ [1602 —8c1 — 9 (h1 — 16hg — 48h13 — 8h14)] THS/"TVSV

2 1 1 1
-gmnwnw+imaway+?ﬁnw+?@&w.
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Vector and axial sectors in cubic Poincaré gauge theory

o First stability constraints (6 equalities):
hy 1

co = 2c1, hQZ_?a h3=—6(01+6h13),
h
hy = $7 his = —2hi3, his = 4hy3.
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Vector and axial sectors in cubic Poincaré gauge theory

o First stability constraints (6 equalities):
h 1
co = 2c1, hzz—?l, h3=—6(01+6h13),
hy = %, his = —2hi3, his = 4hy3.

@ Reduced Lagrangian:
2 1
Lo —R+ o (3er+d1) F{D Mk _ — (6e1 +d1) B R(Sne
+ 20 T THV L TY + 4hy3e™ PPV Ty S0, Ty + h1 Gy THTY — h13Gpy SHSY

+i(16h13—h1)T TS Sy+i(16h13—h1)T sk, s¥

144 i 72 ne Ty

1 v 1 v 1 2 n 1 2 m
+ gth,LT“TL,T + EthuS“SyS + EmTT,LT + 5mSS“S 5

Complete theory contains 23+3 constants. Clearly — 4 < ¢; < — 4 d; <0.
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Vector and axial sectors in cubic Poincaré gauge theory

o First stability constraints (6 equalities):
h 1
co = 2c1, hzz—?l, h3=—6(01+6h13),
hy = %, his = —2hi3, his = 4hy3.

@ Reduced Lagrangian:
2 1
(T) p(Typr _ L (8) p(S)uv
LK—R+§@q+@)@VF qu+dg@VF
+ 20 T THV L TY + 4hy3e™ PPV Ty S0, Ty + h1 Gy THTY — h13Gpy SHSY

+i(16h13—h1)T TS Sy+i(16h13—h1)T SsHT,SY

144 i 72 ne Ty

1 v 1 v 1 2 n 1 2 m
+—§h1TﬁT“TLT 4fzghlgs#sﬂsys +—57nTTﬁT —fgrnSS“S :

Complete theory contains 23+3 constants. Clearly — 4 < ¢; < — 4 d; <0.

Conclusion 1: Problem solved

By adding Cubic interactions, it is possible to construct a stable theory
with propagating torsion in the gauge formalism
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Quadratic Metric-Affine Gravity

The most general quadratic gravitational action of MAG that is reduced
to GR in the absence of torsion and nonmetricity is

1 1 = = = = - -
§=1— [-Rr- 5 (21 + 2) Rapun R 4 (a2 = e1) R pyun RBP4 g R B
Xy

_ S _ _ _ _ _
+ (2 — a5 + ag) Rapuw R*PMY + a5 Ry oy RMPY + ag Ry ppy RPN 4 (d1 — a1 — a12) Ry R*
+ agRuy R"M + a19Ruy R*Y + a11 Ry RYM — (dy + ag + a11) Ry RYY + a12 Ry RMY
aF al4é>\)\puéppuu + alséuuéx)\‘w + GIGRLLVR/\)\MV

1 5 w, L 9 w, L1 9 Apr | L 2 w, 1 9 w, Ll 9 Apv
+ ngTMT —+ EmSSuS + Emttkuvt =+ EmWWuW —+ EmAAuA —+ EmQQM“’Q

1 1 1 1 1
aF Emﬁqku,,qA“V + ECXTwT“W“ + EQTAT/—LAM + EQWAW“AH + Eatgspuugﬂkp“tyka] V=g .

As can be seen, the action includes a total:

@ 13 coefficients c1, 9, di, as, as, ag, a9, a10, @11, a12, 14, a15 and aie
associated with the quadratic curvature invariants (only ¢, 2, d;
contribute in Poincare)

Sebastian Bahamonde Stability in Cubic MAG 11/20



Quadratic Metric-Affine Gravity

The most general quadratic gravitational action of MAG that is reduced
to GR in the absence of torsion and nonmetricity is

1

S =
167

[~B = 2 (261 + 2) Rapus R 4 (a2 = 1) Ronppus B + a3 R R

+ (c2 — a5 + ag) Rxpuué“‘p)‘y + asl?«’,)\pw,é)‘“p" + ael'%)\pw,ﬁlp”)‘" + (d1 — a10 — a12) Ift,_bul-:i““
+ agRuy R*" + a10Ruw BMY + a11 Ruw R"M — (d1 + ag + a11) Ruw R"M + a1z Ry RMY

= al4é>\)\puéppuu + a15 Ruu RM 3 MY + a16 Ry R 3 HY

1 1 1 1 1 1
4 5m2TTuT“ + 5M§Su5“ 4 gmftAH,,t’\‘“' + Em%,quW“ + EmiAuA“ + 5mémwn*“"

1 1 1 1 1
+ EquM“,qA“V + ED‘TWTHW“ + EO‘TATHAM + EonAW#A“ + Eatgspuuaﬂk‘o“t')ka] V=g .

As can be seen, the action includes a total:

@ 13 coefficients c1, 9, di, as, as, ag, a9, a10, @11, a12, 14, a15 and aie
associated with the quadratic curvature invariants (only ¢, 2, d;
contribute in Poincare)

o 11 coefficients mr, mg, ms, mw, ma, mq, mg, ¥Tw, ara, awa and
oo associated with the quadratic torsion and nonmetricity invariant.
All of them are stable (with the correct signs)
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
Ty = 5 (5A N uT,,) + éa* ourSP + 8

1 1 1
Qz\uu = guVW)\ + 5 (g)\;l,AV + gz\uAu) - Zg/.WAA + ga)\pa(uﬂu) e Qv -
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
Ty = 5 (5A N uT,,) + éa* ourSP + 8

1 1 1
Qz\uu = guVW)\ + 5 (g)\;l,AV + gz\uAu) - Zg/.WAA + ga)\pa(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
Ty = 5 (5A N uT,,) + Ee>‘ ourSP + 8

1 1 1
Qz\uu = guVW)\ + 5 (g)\;l,AV + gz\uAu) - Zg/.WAA + ga)\po(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
T b = 5 (5* N ,LT,,) + és>‘ o SP 1

1 1 1
Qkuu = guVW)\ + 5 (g)\p,AV + gAuAu) - Zg/.WAA + ga)\po'(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.
@ It was shown before that torsion cannot be propagating and nonmetricity can
propagate. So from the 13 constants controlling the kinetic terms:

LQuad = — R+ QR(M)MV (QQR(AP)W + 2a5R(>\M)PV) + a14R>‘>\“uR’)p”V
+ ais (R;Lu - Ruu)RAAHV + a1o (R;u/ - R;u/) (RHU - R””)

1 ~ - = .
= 5 (2a10 + a2 + a5) (Ruv — Ryuw) (RV* — RV .

Sebastian Bahamonde Stability in Cubic MAG 12/20



Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
T b = 5 (5* N ,LT,,) + és>‘ o SP 1

1 1 1
Qkuu = guVW)\ + 5 (g)\p,AV + gAuAu) - Zg/.WAA + ga)\po'(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.
@ It was shown before that torsion cannot be propagating and nonmetricity can
propagate. So from the 13 constants controlling the kinetic terms:

LQuad = — R+ QR(M)MV (QQR(AP)W + 2a5R(>\M)PV) + a14R>‘>\“uR’)p”V
+ ais (R;Lu - Ruu)RAAHV + a1o (R;u/ - R;u/) (RHU - R””)

1 ~ - = .
= 5 (2a10 + a2 + a5) (Ruv — Ryuw) (RV* — RV .
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Quadratic Metric-Affine Gravity - Vector/Axial Stability

@ Let us focus on the axial and vector sectors. Let us recall the decomposition:

1 1
T b = 5 (5* N uT,,) + Ee* o SP 1

1 1 1
Qkuu = guVW)\ + 5 (g)\p,AV + gAuAu> - ZQ/U/AA + gakpa(uﬂu) e Qv -

o From torsion: 1 vector T, and 1 axial vector S,
o From nonmetricity: 2 vectors W, and A,,.
@ It was shown before that torsion cannot be propagating and nonmetricity can
propagate. So from the 13 constants controlling the kinetic terms:

LQuad = — R+ QR(Ap);w (QQR(AP)W + 2a5R(>\u)pu) + aMRAMWRpp;w
+ ais (R;Lu - R,u,u)RA)\MV + a1o (R;u/ - R;u/) (R#U - Rp,u)

1 - a - R
—3 (2a10 + a2 + as) (Ruw — Ruw) (R — RVV) .

New question to address

Is it possible to have both torsion and nonmetricity propagating in a
stable theory?

Sebastian Bahamonde Stability in Cubic MAG




Cubic Metric-Affine Gravity - Curvature and torsion

@ The first contribution comes from mixing terms which depend linearly
on the curvature tensor and quadratically on the torsion tensor.
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Cubic Metric-Affine Gravity - Curvature and torsion

@ The first contribution comes from mixing terms which depend linearly
on the curvature tensor and quadratically on the torsion tensor.

@ When nonmetricity is non vanishing, the curvature tensor has less
symmetries. Thus, it is possible to construct much more cubic
interactions.
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Cubic Metric-Affine Gravity - Curvature and torsion

@ The first contribution comes from mixing terms which depend linearly
on the curvature tensor and quadratically on the torsion tensor.

@ When nonmetricity is non vanishing, the curvature tensor has less
symmetries. Thus, it is possible to construct much more cubic
interactions.

@ There are 46 possible terms with couplings constants from {h;}i=1-46
that can be split as:

(3) (3) (3) (3) (3 ) (3) (3)
Leurv—tors = ERTT + ERSS + [’Rtt + f’ + ERTt + LRSt
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Cubic Metric-Affine Gravity - Curvature and torsion

@ The first contribution comes from mixing terms which depend linearly
on the curvature tensor and quadratically on the torsion tensor.

@ When nonmetricity is non vanishing, the curvature tensor has less
symmetries. Thus, it is possible to construct much more cubic
interactions.

o There are 46 possible terms with couplings constants from {h;}?=1:-46
that can be split as:

(3) ) (3) (3) (3) (3) (3)
Leurv—tors = ERTT + ERSS + ['Rtt + ERTS + ERTt + LRSt ’

@ For example the first one is

£ = (b1 — hor) Ry THT” + ha RT,T* + hyy RO T,
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Cubic Metric-Affine Gravity - Curvature and torsion

@ The first contribution comes from mixing terms which depend linearly
on the curvature tensor and quadratically on the torsion tensor.

@ When nonmetricity is non vanishing, the curvature tensor has less
symmetries. Thus, it is possible to construct much more cubic
interactions.

o There are 46 possible terms with couplings constants from {h;}?=1:-46
that can be split as:

(3) ) (3) (3) (3) (3) (3)
Leurv—tors = ERTT + ERSS + ERtt + ERTS + ERTt + Ef%St ’

@ For example the first one is

£ = (b1 — hor) Ry THT” + ha RT,T* + hyy RO T,

@ For convenience, we have introduced the Lagrangian coefficients of
this branch to match the notation used in the absence of nonmetricity.
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Cubic Metric-Affine Gravity - Curvature and Nonmetricity and mixing terms

@ The second contribution comes from mixing terms which depend linearly on
the curvature tensor and quadratically on the nonmetricity tensor.
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Cubic Metric-Affine Gravity - Curvature and Nonmetricity and mixing terms

@ The second contribution comes from mixing terms which depend linearly on
the curvature tensor and quadratically on the nonmetricity tensor.

@ There are 61 possible terms with couplings constants from {h;}i=47--107 that
can be split as:

(3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3)
Léury—nonm = ERWW+£RAA+LRQQ+E +£RWA+['RWQ+[' +ERAQ+£RAq+LRQq
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Cubic Metric-Affine Gravity - Curvature and Nonmetricity and mixing terms

@ The second contribution comes from mixing terms which depend linearly on
the curvature tensor and quadratically on the nonmetricity tensor.
@ There are 61 possible terms with couplings constants from {h;}i=47--107 that
can be split as:
®) ®) ®) ®3) B 6 ®) ®) ®) B L, ,6)
Leurv—nonm = ERWW+£RAA+LRQQ+£ +£RWA+['RWQ+[' +ERAQ+£RAq+ERQq
@ For example the first one is

L) = harRapWOW? + hygRapWOW? + hyg RWo W
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Cubic Metric-Affine Gravity - Curvature and Nonmetricity and mixing terms

The second contribution comes from mixing terms which depend linearly on
the curvature tensor and quadratically on the nonmetricity tensor.

There are 61 possible terms with couplings constants from {h;}=47-107 that
can be split as:

(3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3)
Levrv—nonm = ERWW+£RAA+LRQQ+£ +£RWA+£RWQ+£ +ERAQ+£RAq+£RQq

For example the first one is

’Cg‘)/vw = hyg RapWOW? + hyg RapWOW? + hyg RWa W™

The last contributions comes from mixing terms which depend linearly on the
curvature tensor and linearly on both torsion and nonmetricity tensors.
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Cubic Metric-Affine Gravity - Curvature and Nonmetricity and mixing terms

Qo

Qo

The second contribution comes from mixing terms which depend linearly on
the curvature tensor and quadratically on the nonmetricity tensor.

There are 61 possible terms with couplings constants from {h;}i=47-197 that
can be split as:

(3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3)
Levrv—nonm = ERWW+£RAA+£RQQ+L +£RWA+£RWQ+£ +ERAQ+['RAq+£RQq'

For example the first one is

L) = harRapWOW? + hygRapWOW? + hyg RWo W
The last contributions comes from mixing terms which depend linearly on the
curvature tensor and linearly on both torsion and nonmetricity tensors.
That case is extremely non-trivial since there are 102 different terms with
couplings constants from {h;}¢=108.--209;

(3) _ (3) (3) (3) (3) (3) (3) (3) (3) £®
Leurv—tor—nonm = LRTW + E&TA + EﬁTn + LﬁTq + Z:RSW T LRSA T ERSQ i LI_%Sq L RtW

(3) (3) (3)
TLha T PR T Lth

where for example the first term reads

3 _ . X X _
£§§7)*w =h10gRapT W + hyggRapT W + hy1gRapT W + hiy BapT WP + hyg B, pTa WP
H [e%
+ hi13RToW
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Cubic Metric-Affine Gravity

@ Putting all together we will have the following final Lagrangian with 233 arbitrary
constants:
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Cubic Metric-Affine Gravity

@ Putting all together we will have the following final Lagrangian with 233 arbitrary
constants:

Cubic Metric-Affine gravity Lagrangian

1671'[, = LQuad aF £(3) + [:(3) =+ [.‘,(3)

curv—tors curv—nonm curv—tor—nonm *
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Cubic Metric-Affine Gravity

@ Putting all together we will have the following final Lagrangian with 233 arbitrary
constants:

Cubic Metric-Affine gravity Lagrangian

+£8)

curv—tor—nonm *

167L = LQuad aF £(3) + [,(3)

curv—tors curv-—nonm

@ By expanding this complicated theory in the axial and vector sectors we have 109
different types of terms (couplings of all type).
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Cubic Metric-Affine Gravity

@ Putting all together we will have the following final Lagrangian with 233 arbitrary
constants:

Cubic Metric-Affine gravity Lagrangian

167L = [:Quad aF £(3) + [,(3)

(3)
curv—tors curv—nonm -+ E’curv—tor—nonm .

@ By expanding this complicated theory in the axial and vector sectors we have 109
different types of terms (couplings of all type).

@ In order to understand the stability of the theory, it is useful to define the following
kinetic terms as

1
Lpp=— ZanF;(“)f)F(Y)“”, F) = (S pM) pW) pA)y

where the kinetic matrix becomes

2lg 0 0 0
o -9 0 21 3o la3
Xy 0 lzo 2h1 7o
0 las 7o 26

with I; depends only on the quadratic MAG parameters ci, ¢z, d1 and a; (not on the
Cubic part).
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Cubic Metric-Affine Gravity

@ Putting all together we will have the following final Lagrangian with 233 arbitrary
constants:

Cubic Metric-Affine gravity Lagrangian

3 3 3
16mL = ‘C’Quad + Egu)rv—tors -+ £((:u)rv—nonm -+ E’t(:u)rv—tor—nonm .

@ By expanding this complicated theory in the axial and vector sectors we have 109

different types of terms (couplings of all type).
@ In order to understand the stability of the theory, it is useful to define the following
kinetic terms as

1
Lpp=— ZanF;(“)f)F(Y)“”, F) = (S pM) pW) pA)y

where the kinetic matrix becomes
216 0 0 0
o -9 0 201 l30 l43
Xy = 0 ls0 211 7o
0 lag 70 2he
with I; depends only on the quadratic MAG parameters ci, ¢z, d1 and a; (not on the
Cubic part).
@ We need to eliminate all possible pathological terms and then study the kinetic matrix.
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Cubic Metric-Affine Gravity - Stability procedure

@ For the MAG case, to eliminate all pathological terms we reduce the complete theory from 233
constants to 194.
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Cubic Metric-Affine Gravity - Stability procedure

@ For the MAG case, to eliminate all pathological terms we reduce the complete theory from 233
constants to 194.

@ To analyze the kinetic sector of the MAG geometry, we assumed the propagation of three vector
fields and one axial vector (all of the possible terms are propagating).
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Cubic Metric-Affine Gravity - Stability procedure

@ For the MAG case, to eliminate all pathological terms we reduce the complete theory from 233
constants to 194.

@ To analyze the kinetic sector of the MAG geometry, we assumed the propagation of three vector
fields and one axial vector (all of the possible terms are propagating).

@ Since S, is decoupled from the other modes, one can first analyse the 2x2 matrix generated by
{FS) F(T)}. All the Eigenvalues must be non-negative implying
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Cubic Metric-Affine Gravity - Stability procedure

@ For the MAG case, to eliminate all pathological terms we reduce the complete theory from 233
constants to 194.

@ To analyze the kinetic sector of the MAG geometry, we assumed the propagation of three vector
fields and one axial vector (all of the possible terms are propagating).

@ Since S, is decoupled from the other modes, one can first analyse the 2x2 matrix generated by
{FS) F(T)}. All the Eigenvalues must be non-negative implying

@ After noticing this, we reduce the kinetic matrix for the whole remaining system as a 3x3 matrix

one given by
5 —4lq —2l30 —2l43
K.(X%’ = —2l30 —4l11  —2l79 .

—2ly3 —2l70 —4l16
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Cubic Metric-Affine Gravity - Stability procedure

For the MAG case, to eliminate all pathological terms we reduce the complete theory from 233
constants to 194.

To analyze the kinetic sector of the MAG geometry, we assumed the propagation of three vector
fields and one axial vector (all of the possible terms are propagating).

Since S, is decoupled from the other modes, one can first analyse the 2x2 matrix generated by
{FS) F(T)}. All the Eigenvalues must be non-negative implying

After noticing this, we reduce the kinetic matrix for the whole remaining system as a 3x3 matrix

one given by
5 —4lq —2l30 —2l43
K(X%’ = —2l30 —4l11  —2l79 .
—2l43  —2l70 —4lie

Again, this matrix must be non-negative and since —41; > 0, we can split the study into three
different 2x2 matrices associated to the pairs {7, W}, {Ty,, A, } and {W,,, AL}
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Cubic Metric-Affine Gravity - Stability procedure

@ For the MAG case, to eliminate all pathological terms we reduce the complete theory from 233
constants to 194.

@ To analyze the kinetic sector of the MAG geometry, we assumed the propagation of three vector
fields and one axial vector (all of the possible terms are propagating).

@ Since S, is decoupled from the other modes, one can first analyse the 2x2 matrix generated by
{FS) F(T)}. All the Eigenvalues must be non-negative implying

@ After noticing this, we reduce the kinetic matrix for the whole remaining system as a 3x3 matrix

one given by

5 —4lq —2l30 —2l43

K(X%’ = —2l30 —4l11  —2l79 .
—2l43  —2l70 —4lie

@ Again, this matrix must be non-negative and since —41; > 0, we can split the study into three
different 2x2 matrices associated to the pairs {7, W}, {Ty,, A, } and {W,,, AL}
@ One needs to diagonalise such kinetic matrices and then assume that all eigenvalues are
non-negative. This is indeed possible to do and then, we find that both torsion and nonmetricity
can be propagating in a healthy way.
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Reissner-Nordstrom-like black holes

o Explicit symmetries on the metric and torsion tensors:

‘Cfglﬂ/ = E&T)‘ p = E&Q)\m, =0 = EgRA ppv = 0.
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Reissner-Nordstrom-like black holes

o Explicit symmetries on the metric and torsion tensors:

‘Cﬁglﬂ/ = E&TA p = E&Q)\M,, =0 = ﬁgR)‘ ppv = 0.

@ Static and spherically symmetric space-times:

410 — #2 {ds2 — (a2 — -
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.
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@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
\I’(T) =1—-—+4 T—Q(Hl,‘ﬂ:g =4 Hgli(zi aF H3Iﬂ?§h) .
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
\I’(’I") =1—-—+4 T—Q(Hl,‘ﬂjg =4 Hgli(zi aF H3I€gh) .

@ Here, ks, kq and kg, represent the spin, dilation and shear intrinsic
charges.
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
\I’(’I”) =1—-—+4 T—Z(Hlﬂg =4 Hgli(zi aF Hglﬂjgh) .

@ Here, ks, kq and kg, represent the spin, dilation and shear intrinsic
charges.

@ Itis important to mention that the in this theory both torsion and
nonmetricity are propagating and moreover, their spin-2 and spin-3
parts are dynamical.
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Reissner-Nordstrom-like black holes

@ We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

@ We found an exact spherically symmetric solution behaving as a
Reissner-Nordstrom-like black hole with the metric function being as

New exact black hole solution with three intrinsic charges

1
U(r)y=1— —+ T—Q(ng + Hyk2 + Hgngh) .

@ Here, ks, kq and kg, represent the spin, dilation and shear intrinsic
charges.

@ Itis important to mention that the in this theory both torsion and
nonmetricity are propagating and moreover, their spin-2 and spin-3
parts are dynamical.

o All the masses of the tensor modes of torsion and nonmetricity are
different from zero — We evaded the Weinberg-Witten no-go
theorem (massless higher-spin fields are pathological)
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Conclusions

@ The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also

Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.
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@ ltis then possible to find both torsion and nonmetricity being dynamical with
healthy vector and axial sectors.
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have 26 constants and in MAG we have 194.
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Poincaré gauge theory (torsion cannot be propagating) and also
Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.

@ ltis then possible to find both torsion and nonmetricity being dynamical with
healthy vector and axial sectors.

@ The resulting theory contains many new free parameters: In Poincaré we
have 26 constants and in MAG we have 194.

@ In analogy to quadratic MAG theories, a further restriction on the
Lagrangian coefficients provides Reissner-Nordstrom-like black hole
solutions with dynamical torsion and nonmetricity.
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Conclusions

@ The well-known instabilities in the vector and axial sectors of quadratic
Poincaré gauge theory (torsion cannot be propagating) and also
Metric-Affine gravity can be eliminated by introducing cubic order invariants
in the gravitational action.

@ ltis then possible to find both torsion and nonmetricity being dynamical with
healthy vector and axial sectors.

@ The resulting theory contains many new free parameters: In Poincaré we
have 26 constants and in MAG we have 194.

@ In analogy to quadratic MAG theories, a further restriction on the
Lagrangian coefficients provides Reissner-Nordstrém-like black hole
solutions with dynamical torsion and nonmetricity.

@ For the first time we found a solution with all the intrinsic charges
without known instabilities and with all higher-spin masses of torsion
and nonmetricity.
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What to do next?

@ Investigate the stability of the tensor sector of both Poincaré and MAG
gauge theories.
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@ Study the cosmology of Cubic cosmology and find possible scenarios
where new effects could predict new ways to test torsion and
nonmetricity.
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What to do next?

@ Investigate the stability of the tensor sector of both Poincaré and MAG
gauge theories.

@ Study the cosmology of Cubic cosmology and find possible scenarios
where new effects could predict new ways to test torsion and
nonmetricity.

@ For example: Can these theories explain effects such as isotropic
cosmic birefringence? What are the predictions of primordial black
holes? what is the role of these geometrical quantities in the Early
Universe? tensions?
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where new effects could predict new ways to test torsion and
nonmetricity.

@ For example: Can these theories explain effects such as isotropic
cosmic birefringence? What are the predictions of primordial black
holes? what is the role of these geometrical quantities in the Early
Universe? tensions?

o Study the axial symmetry of the Poincaré case to find a gravitational

spin-orbit interaction (interaction between the intrinsic spin and the
angular momentum)
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What to do next?

@ Investigate the stability of the tensor sector of both Poincaré and MAG
gauge theories.

@ Study the cosmology of Cubic cosmology and find possible scenarios
where new effects could predict new ways to test torsion and
nonmetricity.

@ For example: Can these theories explain effects such as isotropic
cosmic birefringence? What are the predictions of primordial black
holes? what is the role of these geometrical quantities in the Early
Universe? tensions?

o Study the axial symmetry of the Poincaré case to find a gravitational
spin-orbit interaction (interaction between the intrinsic spin and the
angular momentum)

@ ltis possible to find a renormalizable theory with these cubic
interactions?
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