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What is Metric-Affine Gravity (MAG)?

In General Relativity:

The Levi-Civita connection Γλ
µν is uniquely determined by the metric

gµν .
Geometry = Curvature� everything from the metric.

In MAG:

The metric and connection are independent: Γ̃λ
µν ̸= Γλ

µν .
New geometric degrees of freedom arise:

Tλ
µν = 2Γ̃λ

[µν] 24 dof (Measures the nonclosure of infinitesimal parallelograms)

Qλµν = ∇̃λgµν 40 dof (Measures the change of lengths and angles under parallel transport)

The general curvature is defined as in GR but changing Γλ
µν to Γ̃λ

µν :

R̃λ
ρµν = ∂µΓ̃

λ
ρν − ∂ν Γ̃

λ
ρµ + Γ̃λ

σµΓ̃
σ

ρν − Γ̃λ
σν Γ̃

σ
ρµ

96 dof (Measures change of vector components on parallel transport along an infinitesimal closed curve)

MAG extends GR to include more general geometric structures,
enabling richer interactions with matter (e.g., spin, microstructure).
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MAG as a Gauge Theory

MAG can be formulated as a gauge theory of the affine group
A(4,R) = T 4 ⋊GL(4,R). (semiproduct of translation group with the
general linear group)

The gauge connection can be written in terms of tetrads and spin
connection as:

Aµ = eaµPa + ωa
bµLa

b, gµν = eaµe
b
νgab

Curvatures and field strengths:

Gabµ = ∂µgab − gac ω
c
bµ − gbc ω

c
aµ = gacgbde

cλedρQµλρ ,

F a
µν = ∂µe

a
ν − ∂νe

a
µ + ωa

bµ e
b
ν − ωa

bν e
b
µ = ea λT

λ
νµ ,

F a
bµν = ∂µω

a
bν − ∂νω

a
bµ + ωa

cµ ω
c
b ν − ωa

cν ω
c
bµ = gbc e

a
λe

cρR̃λ
ρµν .

When nonmetricity is vanishing, the group becomes the Poincaré
group=⇒ Poincaré gauge theories of gravity (PG).
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Dynamics in MAG gauge theories

Gravitational action with dynamical torsion and nonmetricity

S =

∫
d4x

√−g
[
Lm − 1

16π
Lg

(
R̃, T ,Q

)]
.

Correspondence between geometry and matter:

1√− g

δ (Lg
√− g)

δea ν
= 16πθa

ν ,

1√− g

δ (Lg
√− g)

δωa
bν

= 16π∆a
bν .

Hypermomentum can be split into three parts:

∆µνλ = (s)∆[µν]λ +
1

4
gµν

(d)∆λ + (sh) ↗∆(µν)λ

1 Intrinsic Spin term (s)∆[µν]λ: source of torsion
2 Intrinsic Dilation term (d)∆λ = ∆ν

νλ: source of trace nonmetricity
3 Intrinsic Shears term (sh)∆(µν)λ: source of traceless nonmetricity
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Quadratic Poincaré gauge theory - ghost issue

Convenient to decompose torsion as

Tλ
µν =

1

3

(
δλ νTµ − δλ µTν

)
+

1

6
ελ ρµνS

ρ + tλ µν .

using

Vector part Tµ = Tλ
µλ,

Axial vector part Sµ = εµνρσT
νσρ,

Tensor part tλ µν = Tλ
µν − 1

3

(
δλ νTµ − δλ µTν

)
− 1

6ε
λ
ρµνS

ρ.
The most general class of quadratic Poincaré gauge models that are
reduced to General Relativity in the absence of torsion is:

Sg =
1

16π

∫ [
−R+ c2R̃λρµνR̃

λµρν − 1

2
(2c1 + c2) R̃λρµνR̃

µνλρ + c1R̃λρµνR̃
λρµν

+ d1R̃µν

(
R̃µν − R̃νµ)+ 1

2

(
m2

TTµT
µ +m2

SSµS
µ +m2

t tλµνt
λµν)]√−g d4x .

It is not possible to have a stable propagating torsion tensor in
quadratic Poincaré gauge theory for general backgrounds. Kinetic
part of vectors Tµ and Sµ propagate a ghost.
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Cubic Poincaré gauge theory
Cubic parity preserving branch with mixing terms: (S. Bahamonde and J. Gigante Valcarcel,

Phys. Rev. D 109 (2024) no.10, 10)

L(3)
curv−tors = L(3)

R̃TT
+ L(3)

R̃SS
+ L(3)

R̃tt
+ L(3)

R̃TS
+ L(3)

R̃T t
+ L(3)

R̃St
,

L(3)

R̃TT
= h1R̃µνT

µT ν + h2R̃TµT
µ , L(3)

R̃SS
= h3R̃µνS

µSν + h4R̃SµS
µ ,

L(3)

R̃tt
= h5R̃λρµνtσ

λρtσµν + h6R̃λρµνtσ
λµtσρν + h7R̃λρµνt

λρ
σt

σµν

+ h8R̃λρµνt
λµ

σt
σρν + h9R̃λρµνt

λµ
σt

ρνσ + h10R̃λρtµν
λtρµν

+ h11R̃λρtµν
λtµνρ + h12R̃tλρµt

λρµ ,

L(3)

R̃TS
= h13ε

λρµνR̃λρµνTσS
σ + h14εν

λρσR̃λρµσT
µSν + h15ε

λρµνR̃λρTµSν ,

L(3)

R̃T t
= h16R̃λρµνT

νtλρµ + h17R̃λρµνT
ρtλµν + h18R̃λρTµt

µλρ + h19R̃λρTµt
λρµ,

L(3)

R̃St
= h20εαρµνR̃τ

ρµνSγtατ
γ + h21εαρµνR̃τ

ρµνSγtγ
ατ

+ h22εαρ
µνR̃ρ

µτνS
γtγ

ατ + h23εαρ
µνR̃γµτνS

αtγρτ

+ h24εαρ
µνR̃γµτνS

αtρτγ + h25εαρτµR̃
µ
γS

αtρτγ + h26ελρµνR̃
λρSσt

σµν .

We showed that by including these Poincaré gauge invariants, ghost issue in
the vector sector is solved!

Sebastian Bahamonde Theories with Torsion and Nonmetricity 9 / 45



Cubic Poincaré gauge theory
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Cubic Metric-Affine gauge theory

Now let us include nonmetricity and decompose the fields as:

Tλ
µν =

1

3

(
δλ νTµ − δλ µTν

)
+

1

6
ελ ρµνS

ρ + tλ µν ,

Qλµν = gµνWλ +
1

2

(
gλµΛν + gλνΛµ

)
−

1

4
gµνΛλ +

1

3
ελρσ(µΩν)

ρσ + qλµν .

From torsion: 1 vector Tµ and 1 axial vector Sµ

From nonmetricity: 2 vectors Wµ and Λµ.
Our Cubic MAG theory can be expressed as (S. Bahamonde and J. Gigante Valcarcel, Phys. Rev.

D 111 (2025) no.8, 084058)

Cubic Metric-Affine gravity Lagrangian

16πL = LQuad + L(3)
RTT + L(3)

RQQ + L(3)
RTQ .

We showed that by introducing these terms that are part of the Gauge
approach, one can eliminate all known vector/axial ghosts.
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Spherically symmetric spacetimes

Explicit symmetries on the metric and torsion tensors:

Lξgµν = LξT
λ
µν = LξQλµν = 0 =⇒ LξR̃

λ
ρµν = 0 .

Static and spherically symmetric space-times:

#10 → #2

{
ds2 = Ψ1(r) dt

2 − dr2

Ψ2(r)
− r2

(
dϑ2 + sin2 ϑdφ2

)
;

#24 → #8


T t

tr T r
tr T ϑ

tϑ

T ϑ
rϑ T ϑ

tφ T ϑ
rφ

T t
ϑφ T r

ϑφ

#40 → #12


Qttt Qtrr Qttr

Qtϑϑ Qrtt Qrrr

Qrtr Qrϑϑ Qϑtϑ

Qϑrϑ Qϑtφ Qϑrφ
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Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.

We found an exact spherically symmetric solution (with 16 non-zero dof from
T and Q) behaving as a Reissner-Nordström-like black hole with the metric
function being as

New exact black hole solution with three intrinsic charges

gtt = − 1

grr
= Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic charges.
It is important to mention that the in this theory both torsion and nonmetricity
are propagating and moreover, their spin-2 and spin-3 parts are dynamical.

All the masses of the tensor modes of torsion and nonmetricity are different
from zero =⇒ We evaded the Weinberg-Witten no-go theorem (massless
higher-spin fields are pathological)

Sebastian Bahamonde Theories with Torsion and Nonmetricity 13 / 45



Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.
We found an exact spherically symmetric solution (with 16 non-zero dof from
T and Q) behaving as a Reissner-Nordström-like black hole with the metric
function being as

New exact black hole solution with three intrinsic charges

gtt = − 1

grr
= Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic charges.
It is important to mention that the in this theory both torsion and nonmetricity
are propagating and moreover, their spin-2 and spin-3 parts are dynamical.

All the masses of the tensor modes of torsion and nonmetricity are different
from zero =⇒ We evaded the Weinberg-Witten no-go theorem (massless
higher-spin fields are pathological)

Sebastian Bahamonde Theories with Torsion and Nonmetricity 13 / 45



Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.
We found an exact spherically symmetric solution (with 16 non-zero dof from
T and Q) behaving as a Reissner-Nordström-like black hole with the metric
function being as

New exact black hole solution with three intrinsic charges

gtt = − 1

grr
= Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic charges.
It is important to mention that the in this theory both torsion and nonmetricity
are propagating and moreover, their spin-2 and spin-3 parts are dynamical.

All the masses of the tensor modes of torsion and nonmetricity are different
from zero =⇒ We evaded the Weinberg-Witten no-go theorem (massless
higher-spin fields are pathological)

Sebastian Bahamonde Theories with Torsion and Nonmetricity 13 / 45



Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.
We found an exact spherically symmetric solution (with 16 non-zero dof from
T and Q) behaving as a Reissner-Nordström-like black hole with the metric
function being as

New exact black hole solution with three intrinsic charges

gtt = − 1

grr
= Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic charges.

It is important to mention that the in this theory both torsion and nonmetricity
are propagating and moreover, their spin-2 and spin-3 parts are dynamical.

All the masses of the tensor modes of torsion and nonmetricity are different
from zero =⇒ We evaded the Weinberg-Witten no-go theorem (massless
higher-spin fields are pathological)

Sebastian Bahamonde Theories with Torsion and Nonmetricity 13 / 45



Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.
We found an exact spherically symmetric solution (with 16 non-zero dof from
T and Q) behaving as a Reissner-Nordström-like black hole with the metric
function being as

New exact black hole solution with three intrinsic charges

gtt = − 1

grr
= Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic charges.
It is important to mention that the in this theory both torsion and nonmetricity
are propagating and moreover, their spin-2 and spin-3 parts are dynamical.

All the masses of the tensor modes of torsion and nonmetricity are different
from zero =⇒ We evaded the Weinberg-Witten no-go theorem (massless
higher-spin fields are pathological)

Sebastian Bahamonde Theories with Torsion and Nonmetricity 13 / 45



Reissner-Nordström-like black holes

We studied a ghost-free theory with Cubic interactions in metric-affine
gravity.
We found an exact spherically symmetric solution (with 16 non-zero dof from
T and Q) behaving as a Reissner-Nordström-like black hole with the metric
function being as

New exact black hole solution with three intrinsic charges

gtt = − 1

grr
= Ψ(r) = 1− 2m

r
+

1

r2

(
H1κ

2
s +H2κ

2
d +H3κ

2
sh

)
.

Here, κs, κd and κsh represent the spin, dilation and shear intrinsic charges.
It is important to mention that the in this theory both torsion and nonmetricity
are propagating and moreover, their spin-2 and spin-3 parts are dynamical.

All the masses of the tensor modes of torsion and nonmetricity are different
from zero =⇒ We evaded the Weinberg-Witten no-go theorem (massless
higher-spin fields are pathological)

Sebastian Bahamonde Theories with Torsion and Nonmetricity 13 / 45



What do these charges κs, κd and κsh represent?

1 Intrinsic spin, shears and dilations generates gravitation. Inherent
properties to the matter. Those effects related to microstructure do
not exist in GR.

2 We know that the spin is a fundamental property of particles. Since
their masses contribute to gravity, why their spin do not?

3 The solution is in vacuum and a charge κs appears (spin charge).
Analogue to the case of Schwarzschild where the mass M appears.

4 The intrinsic dilation charge κd: refers to a scaling transformation —
stretching or shrinking spacetime volume without changing shape.

5 The intrinsic shear charge κsh: deformations that change the shape of
an object without changing its volume.
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stretching or shrinking spacetime volume without changing shape.

5 The intrinsic shear charge κsh: deformations that change the shape of
an object without changing its volume.
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Gauss-Bonnet with Dilations
Now, consider a n-dimensional theory in a geometry without torsion and with Qλµν = gµνWλ:
(S. Bahamonde and M. Bañados, Phys. Lett. B 869 (2025), 139869)

G̃ = R
2 − 4RµνR

µν
+ RµναβR

µναβ
+ (d − 4)(d − 3)GαβW

α
W

β

−
1

2
(d − 4)(d − 3)(d − 2)WαW

α∇βW
β

+
1

16
(d − 4)(d − 3)(d − 2)(d − 1)WαW

α
WβW

β
+ b.t.

In 5-dimensions, we can construct the action

Action for Gauss-Bonnet in 5-d

SGB−WC =
1

16π

∫
d5x

√−g
[
R+

(d− 1)(d− 2)

l2
+ αG̃

]
.

We found the following black hole solution with Wλ = (w0(r), w1(r), 0, 0) with w0, w1 ̸= 0:

Ψ(r) =
1

1 + 4ακ/r4

(
1−

8M

3πr2
+

r2

l2
+

4ακ

r4
−

2ακ2

r6

)
.

The G̃ contribution create a new dypole-type configuration related to dilations κ which comes
from Wµ.
For positive M and α, this solution describes a black hole configuration with a single horizon. It
is important to note that this solution significantly differs from the Boulware-Deser black hole!

Using a 4-D regularised procedure, a 4-D black hole with primary hair was found (C. Charmousis,

P. G. S. Fernandes and M. Hassaine, Phys. Rev. D 111 (2025) no.12, 12)
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Electrodynamics coupled with torsion
Now, consider another theory with couplings between the electromagnetic field strength
Fµν = 2∂[µAν] and R̃λ

ρµν : (S. Bahamonde, J. Maggiolo and C. Pfeifer, arXiv:2507.02362)

Theory with couplings between Fµν and Torsion

L = −R− k1FµνF
µν + k2R̃

2 + k3F
µνR̃µν .

The Maxwell Eq. has a torsion source: 2k1∇µFµν = k3∇µR̃[µν].
We found the following black hole solution:

t1(r) =
Ψ′(r)

2Ψ(r)
+

c1

Ψ(r)
+

κs

rΨ(r)
, t2(r) = ±Ψ(r)

(
t4(r)− t1(r)−

A′′
0 (r)

A′
0(r)

)
,

t3(r) = ∓
(r t4(r) + 1)Ψ(r)

r
, t5(r) =

t7(r)Ψ(r)

2r2
±Ψ(r)t6(r) , t8(r) = ±Ψ(r)t7(r)

The metric and electric potential behave as

Ψ(r) = 1−
2m

r
+

1

r2

(
k1q

2 −
1

2
k3κsq −

1

32k2
k23q

2

)
, Aµ =

( q

r
, 0, 0, 0

)
.

New coupling between intrinsic spin charge κs and electric charge q.

Different charges would give rise to different phenomenology. RN Cauchy problem can be

evaded here!
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3D Axially symmetric black holes - warm up exercise
In 3D, Torsion has 9 dof: In the electromagnetism with torsion theory we
found a slowly BTZ black hole solution:

ds2 =
(
fA(r) + JfB(r)

)
dt2 −

( 1

fA(r)
+ J

fB(r)

f2
A

)
dr2 − r2dϕ2

+ 2
(
K3 J r2 + J

qmfA(r)

qe

)
dtdϕ , J ≪ 1

where

fA(r) = −M − Λr2 −
(
2k1q

2
e −

k23q
2
e

16k2
+ κsk3qe

)
log r ,

fB(r) = −K6 −K7 log r ,

with a potential being

Aµ =
(
qe log r + JK5 log r , 0 , Jqm log r + JK4

∫
rdr

fA(r)

)
.

We notice a new coupling between the intrinsic spin κs, the angular
momentum of the rotation J and the magnetic charge qm, i.e.
∝ Jqmκs.
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Axially symmetric black holes - spin orbit interaction

Spin-Orbit Interaction in Atomic Physics
The spin-orbit interaction is a fundamental quantum mechanical effect that
describes how an electron’s intrinsic spin interacts with its orbital motion
around the nucleus. This interaction leads to energy level splitting in atoms,
particularly noticeable in heavy elements.

This interaction is of the following form

LSO =
µ

4m2
ψ̄σµνFµνψ

Then,
LSO = λ(r)L · S ∝ αλ(r) cosϑ

where L is the orbital angular momentum, S is the spin angular
momentum, and λ(r) is a coupling function.
The spin-orbit interaction increases the energy gap between certain
nuclear energy levels, making nuclei with magic numbers more stable.
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Axially symmetric black holes - spin orbit interaction

Poincare theories successfully describes the gravitational effects of the
intrinsic and extrinsic parts of the canonical angular momentum tensor, but
the implications of the interaction between these two quantities at
macroscopical scales has not been found in the literature so far.

Axial symmetry involves the full axially symmetric torsion containing 24 dof
and 4 dof of the metric. It is a extremely difficult problem to solve the
systems.
Our main aim was to find out if an interaction between the angular
momentum a and the intrinsic spin κs: gravitational spin-orbit interaction.
We initially focused on the search of black hole solutions that at least can
display such an interaction in the gravitational action, regardless if it does not
provide any modification in the metric tensor.

We focused on a degenerate model of cubic PG theory, which provides
static and spherically symmetric solutions with a spin charge that does not
affect the Schwarzschild geometry
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Axially symmetric black holes - spin orbit interaction

We found a slowly rotating Kerr-like black hole solution with a dynamical
torsion and (S. Bahamonde and J. Gigante Valcarcel, arXiv:2508.20035):

Lagrangian like a gravitational spin-orbit interaction in the solution

L =
d1N

2
1κ

2
s

8πr4
+ LSOI =

d1N
2
1κ

2
s

8πr4
+
d1N1aκsG(r, ϑ)

2π
.

If G(r, ϑ) = 1√
− g

Ψ′(r)
r cosϑ, LSOI this term would provide a term analogous

to the Thomas precession of atomic systems, but in this case with a
purely gravitational origin.
The form of torsion contains 24 dof being non-zero.

Is it possible to find a solution in the non-degenerate theory and find a
modified Kerr metric with interactions between κs and a in the metric?
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Axially symmetric black holes - spin orbit interaction

Is there any interesting new effect that can emerge from this solution and
analogy with atomic physics?

The arbitrary function G(r, ϑ) is encoded solely in the axial mode of the
torsion tensor of the solution.
Therefore, trajectories of Dirac particles minimally coupled to torsion will
accordingly experience deviations from the geodesic motion, which can
already be measured in the semiclassical limit by an acceleration of the form:

uλ∇λuµ =
1

4ms
R̂λρµν b̄0σ

λρb0u
ν ,

where uµ represents the four-velocity of the particle, b0 its normalised state,
ms its mass, σλρ the spin matrices and R̂λρµν the part of the Riemann-Cartan
curvature tensor that includes corrections from the axial mode alone.
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How is the procedure for algebraic classification?

The complete classification of the relevant tensors in Riemannian
geometry is known.

Broadly speaking, the steps followed are:

1 Decompose the curvature tensor into its irreducible modes:

Riemmanian Curvature decomposition

Rλρµν = Wλρµν +
1

2

(
gλµ↗Rρν + gρν↗Rλµ − gλν↗Rρµ − gρµ↗Rλν

)
+

1

6
Rgλ[µgν]ρ ,

#20(Rλρµν) = #10(Wλρµν) + #9(↗Rρν) + #1(R) .

2 Analyse algebraic properties for each mode: One can formulate an
eigenvalue problem or use principal null directions to find the different
types.

Result in Riemannian geometry: Weyl has 6 types (Petrov
classification); Ricci traceless has 15 types(Segre classification);
What happens in GR in vacuum? ↗Rρν = R = 0 and then the
curvature is fully characterised by the Weyl tensor with their 6 types.
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Null directions and the Petrov Classification - Weyl tensor

This classification can be derived by means of its principal null directions
which requires expressing any tensor in terms of a set of null vectors lµ, kµ,
mµ, and m̄µ;

kµlµ = −mµm̄µ = 1 ,

kµmµ = kµm̄µ = lµmµ = lµm̄µ = 0 ,

kµkµ = lµlµ = mµmµ = m̄µm̄µ = 0 .

An algebraic classification of any tensor can then be obtained by defining its
PNDs and their levels of alignment.

Algebraic type Segre characteristic Intrinsic characterisation
I [1 1 1] l[σ

(1)W̃λ]ρµ[ν lω]l
ρlµ = 0

II [2 1] (1)W̃λρµ[ν lω]l
ρlµ = 0

D [(1 1) 1] (1)W̃λρµ[νkω]k
ρkµ = (1)W̃λρµ[ν lω]l

ρlµ = 0

III [3] (1)W̃λρµ[ν lω]l
µ = 0

N [(2 1)] (1)W̃λρµν l
µ = 0

O [−] (1)W̃λρµν = 0
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Why is this classification useful?

Einstein’s field equations are in general difficult to solve and
symmetries are needed for obtain exact solutions.

It is mathematically important to classify the curvature to understand
possible extra symmetries of a system.
Reissner-Nordström and also Kerr-Newman have a very particular
characterisation which is known as Type D. Not only the Weyl tensor
is Type D in those cases but also the Faraday tensor fulfills a similar
property.
The most general Type D solution in Einstein-Maxwell is known as the
Plebański-Demiański characterised by {M,a, α,N} (mass, angular
momentum, acceleration and Nut charge) and the electromagnetic
charges.
Goldberg-Sachs theorem: A vacuum solution of the Einstein’s field
equations admits a shear-free null geodesic congruence if and only if
the conformal part of the Riemann tensor is algebraically special.
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Curvature decomposition in Metric-Affine geometry

First, we need to find the building blocks of the general curvature tensor
(recall that in Riemannian geometry, we had 3: Wαβµν , ↗̃Rµν , and R).

We can decompose:

General curvature

R̃λρµν = R̃[λρ]µν + R̃(λρ)µν := W̃λρµν + Z̃λρµν .

We find that there are 11 building blocks S. Bahamonde and J. Gigante Valcarcel, Phys. Rev. D 108
(2023) no.4, 4:

Building block Number of independent components Limit in Riemannian geometry
(1)Z̃λρµν 30 zero
(1)W̃λρµν 10 Weyl tensor Wλρµν

↗̃R(T )
λ[ρµν]

9 zero

↗̃R(Q)
λ[ρµν]

9 zero

↗̃R(µν) 9 Ricci traceless ↗Rµν

↗̂R(Q)
(µν)

9 zero

R̃
(T )
[µν]

6 zero

R̂
(Q)
[µν]

6 zero

R̃λ
λµν 6 zero
R̃ 1 Ricci scalar R
∗R̃ 1 zero
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Algebraic classification in MAG

It turns out that the sets {↗̃R(T )

λ[ρµν], ↗̃R
(Q)

λ[ρµν], ↗̃R(µν), ↗̂R
(Q)

(µν)} and

{R̃(T )
[µν], R̂

(Q)
[µν], R̃

λ
λµν} contain building blocks with 9 and 6 independent

components.

Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field Fµν (6 dof).
The richest part is the (1)Z̃λρµν tensor that is purely related to the traceless
part of nonmetricity:

1 This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z̃λ
λµν = (1)Z̃λ

µλν = 0 , (1)Z̃λ[ρµν] = 0 .

2 Using its principal null directions (PNDs), we found that this tensor has
15 main types and subtypes within it. S. Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, Phys. Rev. D 110 (2024) no.12, 12

3 It is common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,
(1)Z̃λ

ρµν is no longer Type D.

Sebastian Bahamonde Theories with Torsion and Nonmetricity 27 / 45



Algebraic classification in MAG

It turns out that the sets {↗̃R(T )

λ[ρµν], ↗̃R
(Q)

λ[ρµν], ↗̃R(µν), ↗̂R
(Q)

(µν)} and

{R̃(T )
[µν], R̂

(Q)
[µν], R̃

λ
λµν} contain building blocks with 9 and 6 independent

components.
Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field Fµν (6 dof).

The richest part is the (1)Z̃λρµν tensor that is purely related to the traceless
part of nonmetricity:

1 This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z̃λ
λµν = (1)Z̃λ

µλν = 0 , (1)Z̃λ[ρµν] = 0 .

2 Using its principal null directions (PNDs), we found that this tensor has
15 main types and subtypes within it. S. Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, Phys. Rev. D 110 (2024) no.12, 12

3 It is common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,
(1)Z̃λ

ρµν is no longer Type D.

Sebastian Bahamonde Theories with Torsion and Nonmetricity 27 / 45



Algebraic classification in MAG

It turns out that the sets {↗̃R(T )

λ[ρµν], ↗̃R
(Q)

λ[ρµν], ↗̃R(µν), ↗̂R
(Q)

(µν)} and

{R̃(T )
[µν], R̂

(Q)
[µν], R̃

λ
λµν} contain building blocks with 9 and 6 independent

components.
Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field Fµν (6 dof).
The richest part is the (1)Z̃λρµν tensor that is purely related to the traceless
part of nonmetricity:

1 This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z̃λ
λµν = (1)Z̃λ

µλν = 0 , (1)Z̃λ[ρµν] = 0 .

2 Using its principal null directions (PNDs), we found that this tensor has
15 main types and subtypes within it. S. Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, Phys. Rev. D 110 (2024) no.12, 12

3 It is common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,
(1)Z̃λ

ρµν is no longer Type D.

Sebastian Bahamonde Theories with Torsion and Nonmetricity 27 / 45



Algebraic classification in MAG

It turns out that the sets {↗̃R(T )

λ[ρµν], ↗̃R
(Q)

λ[ρµν], ↗̃R(µν), ↗̂R
(Q)

(µν)} and

{R̃(T )
[µν], R̂

(Q)
[µν], R̃

λ
λµν} contain building blocks with 9 and 6 independent

components.
Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field Fµν (6 dof).
The richest part is the (1)Z̃λρµν tensor that is purely related to the traceless
part of nonmetricity:

1 This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z̃λ
λµν = (1)Z̃λ

µλν = 0 , (1)Z̃λ[ρµν] = 0 .

2 Using its principal null directions (PNDs), we found that this tensor has
15 main types and subtypes within it. S. Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, Phys. Rev. D 110 (2024) no.12, 12

3 It is common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,
(1)Z̃λ

ρµν is no longer Type D.

Sebastian Bahamonde Theories with Torsion and Nonmetricity 27 / 45



Algebraic classification in MAG

It turns out that the sets {↗̃R(T )

λ[ρµν], ↗̃R
(Q)

λ[ρµν], ↗̃R(µν), ↗̂R
(Q)

(µν)} and

{R̃(T )
[µν], R̂

(Q)
[µν], R̃

λ
λµν} contain building blocks with 9 and 6 independent

components.
Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field Fµν (6 dof).
The richest part is the (1)Z̃λρµν tensor that is purely related to the traceless
part of nonmetricity:

1 This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z̃λ
λµν = (1)Z̃λ

µλν = 0 , (1)Z̃λ[ρµν] = 0 .

2 Using its principal null directions (PNDs), we found that this tensor has
15 main types and subtypes within it. S. Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, Phys. Rev. D 110 (2024) no.12, 12

3 It is common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,
(1)Z̃λ

ρµν is no longer Type D.

Sebastian Bahamonde Theories with Torsion and Nonmetricity 27 / 45



Algebraic classification in MAG

It turns out that the sets {↗̃R(T )

λ[ρµν], ↗̃R
(Q)

λ[ρµν], ↗̃R(µν), ↗̂R
(Q)

(µν)} and

{R̃(T )
[µν], R̂

(Q)
[µν], R̃

λ
λµν} contain building blocks with 9 and 6 independent

components.
Then, those two sets actually give identical classifications for these tensors
as the symmetric traceless Ricci tensor (9 dof) (in Riemannian geometry)
and a standard electromagnetic field Fµν (6 dof).
The richest part is the (1)Z̃λρµν tensor that is purely related to the traceless
part of nonmetricity:

1 This tensor is very difficult to classify since it contains 30 degrees of
freedom (dof) with the following symmetry properties:

(1)Z̃λ
λµν = (1)Z̃λ

µλν = 0 , (1)Z̃λ[ρµν] = 0 .

2 Using its principal null directions (PNDs), we found that this tensor has
15 main types and subtypes within it. S. Bahamonde, J. Gigante Valcarcel and
J. M. M. Senovilla, Phys. Rev. D 110 (2024) no.12, 12

3 It is common that in spherical symmetry, the field strength tensors are
of Type D (two null directions aligned). For a black hole solution
endowed with shears, we found that even in spherical symmetry,
(1)Z̃λ

ρµν is no longer Type D.
Sebastian Bahamonde Theories with Torsion and Nonmetricity 27 / 45



Outline

1 Metric-Affine gravity and Gauge approach with Cubic interactions

2 Black holes with torsion and nonmetricity
Spherically symmetric black holes
Axially symmetric black holes

3 Algebraic Classification in MAG

4 Exact non-linear Gravitational waves with Torsion and Nonmetricity

5 Cosmology with torsion and nonmetricity

6 Main results and Possible directions

Sebastian Bahamonde Theories with Torsion and Nonmetricity 28 / 45



General Properties of pp-waves in General Relativity
The plane-fronted waves with parallel rays (pp-waves) are exact solutions of
Einstein’s field equations describing gravitational waves propagating at the
speed of light.

They are characterized by the presence of a covariantly constant null
vector kµ, which implies that the wave fronts are planar and the rays remain
parallel throughout the spacetime:

∇µk
ν = 0 .

Their curvature is of Petrov type N:

Wλρµνk
µ = 0 .

The line element can then be written in terms of Brinkmann coordinates
(u, v, x, y) as:

ds2 = 2dudv − dx2 − dy2 −H(u, x, y)du2 ,

where kµ = (0, 1, 0, 0).
By solving the GR’s eqs one gets

(∂xx + ∂yy)H(u, x, y) = 0 .
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Physical Interpretation of pp waves

pp-waves model the propagation region of highly collimated gravitational
waves, capturing the geometry near the wave front in an exact and
non-perturbative way.

They provide idealized descriptions of gravitational radiation in the far-zone
of isolated astrophysical systems, where spacetime becomes nearly flat and
the wave character dominates.
The ultra-relativistic limit of compact objects (e.g., boosting a Schwarzschild
black hole) produces pp-wave geometries such as the Aichelburg–Sexl
metric, relevant for understanding high-energy gravitational interactions.

pp-waves play an important role to test the nonlinear properties of Einstein’s
equations, including wave–wave interactions, focusing effects on geodesics,
and the potential formation of caustics and singularities.
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pp waves in MAG

In order to address the corresponding extension to Cubic MAG, the
invariance defined by the wave vector can be directly imposed on the torsion
and nonmetricity tensors:

Tλ
µν = Tλ

µν(u, x, y) , 24 dof
Qλµν = Qλµν(u, x, y) , 40 dof .

It is reasonable to impose Type N of algebraic conditions on the
corresponding field strengths of the torsion and nonmetricity tensors:

kµR̃
(T )
[µν] = 0 , k[ρR̃

(T )
µν] = 0 , kµR̂

(Q)
[µν] = 0 , k[ρR̂

(Q)
µν] = 0 ,

kµR̃λ
λµν = 0 , k[ρ|R̃

λ
λ|µν] = 0 , k[σ↗̃R

(T )

λ][ρµν] = 0 ,

k[σ↗̃R
(Q)

λ][ρµν] = 0 , k[σ
(1)Z̃λ]ρµν = 0 .
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pp waves in MAG

Additionally, we impose orthogonality of the wave null vector with torsion and
nonmetricity, which can be expressed in terms of their respective vector,
axial and tensor modes as:

kµTµ = kµSµ = kµWµ = kµΛµ = 0 ,

kµtµλρ = kµΩµλρ = kµqµλρ = 0 .

Finally, we consider that the mentioned wave null vector is recurrent, which
can be expressed in terms of its total covariant derivative as:

∇̃µk
ν = (αTµ + βWµ + γΛµ) k

ν ,

where α, β and γ are constants.

This implies that its transport –with the full connection ∇̃– along any possible
curve is always parallel to itself, whereas its null character is also preserved
if the orthogonality conditions hold.
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pp waves in MAG

After imposing those conditions and making a lot of very cumbersome
computations, we find an exact solution of the form

pp wave solution in MAG

H(u, x, y) = H̊(u, x, y) + l1t
2
22(u, x, y) + l2w

2(u, x, y) + l3λ
2(u, x, y) .

We fond exact gravitational wave solutions with the three main contributions
of the independent affine connection; namely, the torsion tensor, the Weyl
vector and the traceless nonmetricity tensor.
By looking into the geodesic deviation equation describing the displacement
of a vector Xa along, one finds: A+, Ax and A◦

The quantity A◦ is invariant under rotations of the transverse plane, leading
to scalar effects and representing a helicity-0 polarisation mode under the
mentioned limit, but in this case induced by the dynamical torsion and
nonmetricity fields.
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Brief discussion on cosmology

Any realistic theory should describe both background and
cosmological perturbations observables (for example CMB, dark
energy, large scale structure,etc.)

So far, the majority of the studies in MAG have been concentraded on
describing background cosmology only. A few models (very specific)
goes beyond background.
The majority of these studies predominantly focus on torsion.
Usually, it is possible to avoid cosmological singularities and replace
them a cosmic bounce.
Dark energy can be explained by the scalar modes of torsion.
It is possible to find inflationary models such as Einstein-Cartan
couple to Higgs or other more complicated ones which are compatible
with observations.
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Cosmology in MAG

Let us assume that the metric, torsion and nonmetricity have the same
cosmological symmetries (isotropy and homogeneity)

Lξ ḡµν = LξT̄
λ
µν = LξQ̄

λ
µν = 0 .

By solving those equations one get the FLRW metric and
torsion+nonmetricity satisfying homogeneity and isotropy:

ḡ = −n̄µn̄νdxµ ⊗ dxν + P̄µνdx
µ ⊗ dxν = −N2dt⊗ dt+ a2γijdx

i ⊗ dxj ,

T̄λ
µν = 2T1(t) n̄[µP̄ν]

λ + 2T2(t) ε̄
λ
µνρn̄

ρ ,

Q̄λµν = 2Q1(t)n̄λn̄µn̄ν + 2Q2(t)n̄λP̄µν + 2Q3(t)P̄λ(µn̄ν) ,

where γijdxi ⊗ dxj = dr2

1−Kr2 + r2dΩ2. Note that there are 5 independent
functions coming from Post-Riemannian.
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Cosmology in MAG - matter

One can consider that the energy-momentum tensor is described by a
standard perfect fluid described by

Tµν = (ρ(t) + p(t))nµnν + p(t)gµν = ρ(t)nµnν + p(t)pµν ,

Considering matter described by an unconstrained hyperfluid respecting the
cosmological principle (isotropy and homogeneity), we find that the
hypermomentum is

∆λµν =
1

3
∆1(t)pλµnν +∆2(t)pλνnµ +∆3(t)nλpµν +

1

4
∆4(t)nλnµnν +∆5(t)ελµνρn

ρ ,

which contains 5 different sources dof related to the intrinsic spin, dilations,
and shears.
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Background Cosmology in Poincaré Gauge Gravity
By imposing that the matter sector respects diffeomorphism invariance, we
arrive at the following generalised conservation equation (Q = 0)
√−g(2∇µT

µ
α −∆λµνR̃λµνα) + ∇̃µ∇̃ν(

√−g∆α
µν) + 2Tµα

λ∇̃ν(
√−g∆λ

µν) = 0 . (1)

When Nonmetricity is vanishing, only intrinsic spin contributes

∆[λµ]ν = 2 (s)∆3n[λPµ]ν + (s)∆5ελµνρn
ρ , (d)∆4 = (sh)∆1 = (sh)∆2 = 0 ,

In our Cubic Poincaré Gauge Gravity theory, we have the modified FLRW
equations of the form: S. Bahamonde, R. Briffa, K. Dialektopoulos, D. Iosifidis and J. Levi Said,

arXiv:2506.17017.

3H2 + f(T1(t), T2(t)) = κ2ρ , 3H2 + 2Ḣ + g(T1(t), T2(t)) = −κ2p .
and the connection equations:

2κ2 (s)∆3 = 3T1

[
6h1(H − T1)(H − 2T1)− 6(h1 − 16h13)T

2
2 +m2

T

]
,

κ2 (s)∆5 = 3T2

[
48h13

(
−H2 + T 2

1 + 2T 2
2

)
− 3h1T

2
1 + 8m2

S

]
.

The theory at the background level depends on h1, h13 and the mass
parameters mS ,mT .
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Background Cosmology in Poincaré Gauge Gravity - Conservation independent

The conservation equation is modified:

ρ̇+ 3H(ρ+ p) = 3 (s)∆5

(
HT2 + Ṫ2

)
− 3 (s)∆3

(
Ḣ −HT1 +H2 − Ṫ1

)
.

By assuming that the conservation equations for the fluid and hypermomentum are conserved
independently:

T1(t) =
K1

a(t)
+H , T2(t) =

K2

a(t)
.

In this case, the connection equations are fully determined and the system decouples.
Then the first FLRW equation can be written as

(
C3 +

C1

a2

)
H2 =

ρm0

a3
+

(ρr0 − C4)

a4
+

ρde0

a3(w+1)
−

C2

a2

where Ci depends on the theory parameters and torsion constants K1,K2.
C1 and C3 modify the gravitational coupling, C2 is an effective ’spatial curvature’ term and C4

alters the radiation energy density, all coming due to the presence of hypermomentum.

A flat FLRW geometry produces the same term as a nonflat geometry with hypermomentum

playing this role.
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alters the radiation energy density, all coming due to the presence of hypermomentum.

A flat FLRW geometry produces the same term as a nonflat geometry with hypermomentum

playing this role.
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)
− 3 (s)∆3

(
Ḣ −HT1 +H2 − Ṫ1
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SVT decomposition around FLRW

The 10 dof described by the metric perturbations are split in terms of
four scalars {α, β, ζ, h} (1 dof each), two transverse vectors
{β(T)

i , h
(T)
i } (2 dof each), and one symmetric and transverse-traceless

tensor h(TT)
ij (2 dof).

SVT Quantities dof Total dof
5 scalars {T,B, ϕ,A, ϱ} 1 dof each 5
3 pseudoscalars {S,B,A} 1 dof each 3
3 vectors {T (T)

i , B
(T)
i , A

(T)
i } 2 dof each 6

3 pseudovectors {S(T)
i ,B(T)

i ,A(T)
i } 2 dof each 6

1 rank-2 tensor {A(TT)
ij } 2 dof each 2

1 rank-2 pseudotensor {A(TT)
ij } 2 dof each 2

Table: Perturbation spectrum for the torsion tensor.K. Aoki, S. Bahamonde, J. Gigante
Valcarcel and M. A. Gorji, “Cosmological Perturbation Theory in Metric-Affine Gravity,” Phys. Rev. D 110 (2024) no.2, 2.
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SVT decomposition around FLRW
SVT Quantities dof Total dof

10 scalars {θ, ψ, ξ,Λ, Y, Z, κ,Q,W,C} 1 dof each 10
2 pseudoscalars {Y,Q} 1 dof each 2
7 vectors {Λ(T)

i, Y
(T)

i, Z
(T)

i, κ
(T)

i, Q
(T)

i,W
(T)

i, C
(T)

i} 2 dof each 14
2 pseudovectors {Y(T)

i,Q(T)
i} 2 dof each 4

3 rank-2 tensor {κ(TT)
ij , Q

(TT)
ij , C

(TT)
ij} 2 dof each 6

1 rank-2 pseudotensor {Q(TT)
ij} 2 dof each 2

1 rank-3 tensor {C(TT)
ijk} 2 dof each 2

Table: Perturbation spectrum for the nonmetricity tensor.

Note that the spin-3 carries a helicity-3 part and since the metric does
not have such terms, it totally decouples from the other modes in
FLRW.
We studied this spin-3 in quadratic MAG finding

C̈(A) + 3HĊ(A) + [ω
(A)
C,k]

2C(A) = J(A) .

Since we have spin-3,spin-2,spin-1,spin-0 being dynamical, different
effects might emerge!
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Main results

Gauge gravity with propagating T and Q can be formulated without known
ghosts via Cubic interactions in axial/vector sectors.

New black hole solutions with:

Modified Einstein–Maxwell theory: k3FµνR̃µν with interactions qeκs
(4D) and qmκsa (3D).
Modified Gauss-Bonnet solution with dilations in 5D.
Cubic MAG: dynamical T , Q, massive spin-2 and spin-3 with intrinsic
charges: spin, dilation, shear.
Cubic Poincaré: slowly rotating Kerr-like BH with gravitational
spin-orbit interaction.
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Main results

Torsion and hypermomentum lead to faster expanding cosmologies with
similar matter content as ΛCDM. Geometry acts as effective curvature,
radiation or varying G.

Developed cosmological perturbation theory including helicity-3 sector of
spin-3 nonmetricity.

We formulated the algebraic classification of all field strength tensors
appearing in MAG =⇒ rich structure.

We found new exact non-linear gravitational waves solutions with the three
main contributions of the independent affine connection.
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Possible future directions

Quasinormal modes for those solutions? I-Love-Q relations?

Is it possible to get a modified Kerr solution with spin-orbit interaction?

Can torsion/nonmetricity in any of these theories might help to alleviate
tensions in cosmology?

Linear GW in these theories?

Neutron stars in these theories?

Primordial BHs?

Are there any interesting new effects that can emerge from this geometrical
picture?
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