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Motivation

Dynamical systems are powerful
Different systems—from evolution of the Universe to
epidemics—obey similar mathematical principles.

Let us explore how identical tools help us understand
both. )
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What are Dynamical Systems?

@ A dynamical system is any system whose state changes in time
according to a rule.
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What are Dynamical Systems?

@ A dynamical system is any system whose state changes in time
according to a rule.
o We need:
@ a state space (or phase space): all possible states, and
Q@ arule that tells us how the state evolves.
@ Examples:

o position and velocity of a pendulum,

densities of matter, radiation and dark energy in cosmology,
population sizes in ecology or epidemiology (e.g. SIR model).
economic models, climate models, ...

Sebastian Bahamonde Dynamical Systems 5/39



Mathematical form

o Letx = (z1,...,z,) be a coordinate representation of a point in the
state space X, which can be an n-dimensional space, then we have:
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Mathematical form

o Letx = (x1,...,x,) be a coordinate representation of a point in the
state space X, which can be an n-dimensional space, then we have:

Dynamical system

x = f(x)

The idea: specify where you are (state), and the rule tells you where
you go next.

o f: X — X encodes the rule of evolution.
@ tis a time parameter (not necessarily physical time).

@ We have n coupled equations describing the behaviour of the n
variables.

@ Any solution 1 (t) is called an orbit or trajectory in phase space.
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Critical points

Critical (fixed, equilibrium) point

The autonomous system x = f(x) has a critical point at x if

f(X()) = 0.
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Critical points

Critical (fixed, equilibrium) point

The autonomous system x = f(x) has a critical point at x if

f(X()) = 0.

@ At a critical point the system is at rest: if we start exactly at x, we
stay there.

@ Physically: equilibrium configurations (e.g. steady populations,
radiation—matter—dark energy balance, etc.).

@ The key question: what happens if we perturb the system slightly
away from x¢?
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Stability of critical points

o Classifying stability lets us understand the long-term fate of the
system without solving it explicitly
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Stability of critical points

o Classifying stability lets us understand the long-term fate of the
system without solving it explicitly

@ We care about how nearby trajectories behave:

Stable fixed point
Small perturbations stay small in time: trajectories starting close to xq
remain close for all t > t.

Unstable fixed point
At least some nearby trajectories move away from x, as time evolves.

Saddle point

The fixed point is stable in some directions and unstable in others.
Trajectories approach it along certain directions but move away along
others.
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Critical points — intuition

Yy
o Pﬁame\ J
. i 4 / , \ T

A ball in a potential landscape: valley (stable), hilltop (unstable), saddle (stable in one direction,

unstable in another).
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Linear stability theory: idea

o To study stability, we linearise the system near a fixed point.
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Linear stability theory: idea

o To study stability, we linearise the system near a fixed point.
o Consider x = f(x) and a fixed point xg.

@ Write x = xg + dx, with éx a small perturbation.

@ Then a Taylor expansion of £ around x gives

0x ~ J(Xo) (5X,

where J is the Jacobian (stability matrix).

@ So, near the fixed point the dynamics is approximated by a linear
system.

@ Intuition: near equilibrium, many nonlinear systems behave

approximately like linear ones (e.g. a pendulum near its lowest point
behaves like a harmonic oscillator).
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Stability matrix and eigenvalues

@ The Jacobian (or stability matrix) is

of;
8:1:]( )
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Stability matrix and eigenvalues

@ The Jacobian (or stability matrix) is

ofi
8:53( )

Stability from eigenvalues of J
o If all eigenvalues have negative real parts: = xg is an
asymptotically stable attractor.

o If all eigenvalues have positive real parts: = x is an unstable
repeller.

o If there are eigenvalues with real parts of opposite sign: = xq is a
saddle point.
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Stability matrix and eigenvalues

@ The Jacobian (or stability matrix) is

of;

Jij = 8%( 0)-

Stability from eigenvalues of J

o If all eigenvalues have negative real parts: = xg is an
asymptotically stable attractor.

o If all eigenvalues have positive real parts: = x is an unstable
repeller.

o If there are eigenvalues with real parts of opposite sign: = xq is a
saddle point.

o If at least one eigenvalue has zero real part: = the point is
non-hyperbolic and linear theory is inconclusive.
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2-dimensional dynamical system

@ Consider a generic 2D system

x:f(x,y), y:g(xay)a

with a fixed point (zo, yo) such that f(zo,yo) = 0 and g(xo,yo) = 0.
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2-dimensional dynamical system

@ Consider a generic 2D system

x:f(a:,y), y:g(may)a

with a fixed point (z, y9) such that f(zg,y0) = 0 and g(xo,yo) = 0.
@ The Jacobian at the fixed point is

J(x0,%0) = (gi 55) :

@ Its two eigenvalues A1, A2 determine the type of fixed point (attractor,
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@ For any 2D system, the stability of a fixed point can be determined
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2-dimensional dynamical system

@ Consider a generic 2D system

m:f(a:,y), y:g(may)a

with a fixed point (z, y9) such that f(zg,y0) = 0 and g(xo,yo) = 0.
@ The Jacobian at the fixed point is

J (w0, y0) = (gz §z> :

@ Its two eigenvalues A1, A2 determine the type of fixed point (attractor,
repeller, saddle, spiral, etc.).

@ For any 2D system, the stability of a fixed point can be determined
analytically from the eigenvalues of the Jacobian.

@ We will see concrete examples later in cosmology and biology.
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9 Applications in Cosmology
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Cosmological Principle and FLRW metric

@ Modern cosmology is based on the so-called cosmological principle:
at sufficiently large scales (~ 108 light years), the Universe is
assumed to be homogeneous and isotropic.
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@ For, k = 1 we say that the universe is spatially closed, for k = —1itis
spatially open and if £ = 0 it is spatially flat.
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Cosmological Principle and FLRW metric

@ Modern cosmology is based on the so-called cosmological principle:
at sufficiently large scales (~ 10® light years), the Universe is
assumed to be homogeneous and isotropic.

@ Homogeneity and isotropy mean that the Universe looks the same in
every direction and at every location when viewed on large scales.

@ The most general metric satisfying these symmetries is the
Friedmann-Lemaitre—Robertson—Walker (FLRW) metric g,,,:

dr?

ds® = @il = —dt® + a(t)2 ( +r2d6* + r?sin? 0 dgoQ) ,

1—kr?

@ For, k = 1 we say that the universe is spatially closed, for k = —1itis
spatially open and if £ = 0 it is spatially flat.

@ The entire evolution of the Universe can be encoded in just one
function of time, the scale factor a(t). This makes cosmology
particularly suitable for a dynamical-systems approach.
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Standard Dynamics in Cosmology

@ The dynamics of the gravitational field is governed by the Einstein
field equations:
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Standard Dynamics in Cosmology

@ The dynamics of the gravitational field is governed by the Einstein
field equations:

Einstein’s equations (with cosmological constant)

T A WGy = K2 M
—_—— —~—

Geometry Matter

This equation relates the energy content of the Universe to its expansion.

@ On large scales, matter can be modelled extremely well as a perfect fluid:

Perfect-fluid energy—momentum tensor

B = P9 I (04 D) 2y tiy -

Here p is the energy density and p the pressure.
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Standard Dynamics in Cosmology; EoS

@ The energy density and pressure of a perfect fluid are related by an
equation of state p = p(p). For barotropic perfect fluids this is a linear
relation
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Standard Dynamics in Cosmology; EoS

@ The energy density and pressure of a perfect fluid are related by an
equation of state p = p(p). For barotropic perfect fluids this is a linear
relation

Barotropic Equation of State

p=wp,

where w is called the equation of state parameter.

Typical equation-of-state parameters

| Component | w | Description |
Radiation 1/3 | significant pressure
Non-relativistic matter (dust) | 0 | negligible pressure
Dark energy —1 | p < 0: accelerated expansion
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FLRW equations and Dynamical System: non-flat ACDM

@ By considering that the matter is described by a radiation term
(w =1/3) and a dust (w = 0), one gets the FLRW equations:

2
3H? = k%pym + K2pr + A, 2H +3H? :—%pr—l-A.
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(w =1/3) and a dust (w = 0), one gets the FLRW equations:

2
3H? = k%pym + K2pr + A, 2H +3H? :—%pr—l-A.

@ This system can be rewritten as a Dynamical System by defining:

K2pA
3H?

2
:Qr—ﬁpr and Qp =

2
K
o = = ~ 32

- 3H?’
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FLRW equations and Dynamical System: non-flat ACDM

@ By considering that the matter is described by a radiation term
(w =1/3) and a dust (w = 0), one gets the FLRW equations:

2
3H? = k%pym + K2pr + A, 2H+3H? = —%pr +A.
@ This system can be rewritten as a Dynamical System by defining:
K2pA
= y Y= QI‘ - :
3H? 3H? 3H?
@ Thanks to the assumptions p,, > 0 and p, > 0 (positive energy), we

obtain the constraints = > 0 and y > 0 which restrict the physical
phase space in the (z, y)-plane Moreover, we get:

’432pm _ ’szr

95 = Wl and Q) =

l=x+4+y+ Q.
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@ By considering that the matter is described by a radiation term
(w =1/3) and a dust (w = 0), one gets the FLRW equations:

2
3H? = k%pym + K2pr + A, 2H+3H? = —%pr +A.
@ This system can be rewritten as a Dynamical System by defining:
K2pA
= y Y= QI‘ - :
3H? 3H? 3H?
@ Thanks to the assumptions p,, > 0 and p, > 0 (positive energy), we

obtain the constraints = > 0 and y > 0 which restrict the physical
phase space in the (z, y)-plane Moreover, we get:

“2pm _ Hzpr

95 = Wl and Q) =

l=x+4+y+ Q.

@ Because (2, is not independent, the dynamics of the entire
cosmological model can be captured by the 2D system for (z,y). This
makes the phase—space picture especially transparent.
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FLRW equations and Dynamical System: flat ACDM

@ By doing some simple computations we can rewrite the flat FLRW as
a dynamical system with n = log a (dn = Hdt):

¥ =z(3z+4y—3),
Yy =yBr+dy—4).
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FLRW equations and Dynamical System: flat ACDM

@ By doing some simple computations we can rewrite the flat FLRW as
a dynamical system with n = log a (dn = Hdt):

¥=z@Br+4y-3),
Yy =y@Br+dy—4).
@ The effective EoS parameter is defined as

weg = =&—QA=—1+x+Z—ly.
Ptot 3 3
Point | © | v | wes | Eigenvalues Stability
O |00 -1 {—4,-3} Stable point
R |0|1]1/3 {1,4} Unstable point
M |1]0| O {-1,3} Saddle point

Table: Critical points of the dynamical system and their properties.
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FLRW equations and Dynamical System: flat ACDM

@ By doing some simple computations we can rewrite the flat FLRW as
a dynamical system with n = log a (dn = Hdt):

¥=z@Br+4y-3),
Y =yBzr+4y—4) .
@ The effective EoS parameter is defined as

weg = =&—QA=—1+m+ily.
Ptot 3 3
Point | © | v | wes | Eigenvalues Stability
O |00 -1 {—4,-3} Stable point
R |0|1]1/3 {1,4} Unstable point
M |1]0| O {-1,3} Saddle point

Table: Critical points of the dynamical system and their properties.

@ In other words: the Universe naturally evolves from

radiation domination — matter domination — dark—energ
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FLRW equations and Dynamical System: flat ACDM

This diagram shows how any initial combination of matter and radiation
densities evolves over cosmic time.

R

Figure: Phase space portrait of the dynamical system. The yellow/shaded area denotes the
region of the phase space where the universe is accelerating.
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Dark energy as a canonical scalar field

o Let us begin by considering a scalar field minimally coupled to gravity.
The action which will then represent our physical system is

SE /d4l‘\/—_g (% T »Cm - %gwjau(pal/qs - V(¢)> )

with V(¢) being a potential for ¢.
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Dark energy as a canonical scalar field

o Let us begin by considering a scalar field minimally coupled to gravity.
The action which will then represent our physical system is

SE /d4$\/—_g (% T »Cm - %gyyau(pal/qs - V(¢)> )

with V' (¢) being a potential for ¢.
@ Cosmological equations:

1.
3H? = K2 (p+§¢2+V) ,
. 1.
2H + 3H? = —x? <wp+ §¢2—V> ,

¢+3H)+Vys=0.
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Dark energy as a canonical scalar field: Dynamical System

@ We can rewrite those equations as a dynamical system:

a:’:—§ 22 4 (w — 1)z + z(w + 1) (yz—l)—%/\y:)] )
N T PR 2 1y V2
y'=-3y (w—1)z* 4+ (w+1) (y 1)+\/§/\x] )
with 1 = Q,,, + 22 + »? and we have defined
) kY Ve

xr=  —- = — = ==,

\/GH Yy \/gH, 9 &V
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Dark energy as a canonical scalar field: Dynamical System

@ By choosing V(¢) = Ve~ **?, there are 5 critical points:
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Dark energy as a canonical scalar field: Dynamical System

By choosing V(¢) = V, e=**¢, there are 5 critical points:

o O — matter dominated: saddle; universe behaves as dust.

o A. - kinetic dominated: stiff fluid (w = 1); always unstable; no
acceleration.

o B - scaling solution: scalar field tracks matter (w.g = w); saddle or
stable depending on \; no acceleration.

o C - scalar-field dominated: attractor; accelerated expansion when
A2 < 2.
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e Applications in Biology
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The SIR model

@ The SIR model is a fairly simple mathematical model to describe time
evolution of infectious diseases
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The SIR model

@ The SIR model is a fairly simple mathematical model to describe time
evolution of infectious diseases

@ It is successful in describing infectious diseases like influenza,
measles, mumps and rubella.

@ Epidemic models divide the population into interacting subgroups:
S—I1—R

S(t): Susceptible individuals

I(t):

(t): Infectious individuals

(*]
("]
o R(t): Removed (recovered, isolated, or deceased)
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The SIR model

@ The SIR model is a fairly simple mathematical model to describe time
evolution of infectious diseases

@ It is successful in describing infectious diseases like influenza,
measles, mumps and rubella.

o Epidemic models divide the population into interacting subgroups:
S—I1—R
o S(t): Susceptible individuals

o I(t): Infectious individuals
o R(t): Removed (recovered, isolated, or deceased)

@ Total population is conserved:

N=S+I+R
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SIR Differential Equations - Dynamical System

@ The SIR model is given by:

Sebastian Bahamonde

dsS
E——O[SI,
dl

dR
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@ The SIR model is given by:

@ «: contagion parameter

Sebastian Bahamonde
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dR
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SIR Differential Equations - Dynamical System

@ The SIR model is given by:

dsS
E——O[SI,
dI

dR
E_ﬂI'

@ «: contagion parameter
o [: recovery parameter

25/39
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SIR Differential Equations - Dynamical System

@ The SIR model is given by:

— =aSI — (1,

@ «: contagion parameter
e J3: recovery parameter

@ Summing the equations gives population conservation:
(VN = total population)

d
—(S+ I+ R)=0= N = constant

dt
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SIR Modeling

@ The equations allow an implicit solution:

I=N-S5+ glog(S/So).
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SIR Modeling

@ The equations allow an implicit solution:
_ g
I=N-S5+ alog(S/So).
@ This relates infectives directly to susceptibles.

o Epidemiological data typically track removals R:

ds «
w_ — She—(@/BR
IR 6 = S=5€
@ The epidemic stops not because susceptibles run out, but because
interactions S x I diminish.
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Eyam Plague (1665)

SIR model
250/6 '

200
150

100

population

501

time in months

@ SIR model fitted to Eyam plague outbreak.
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@ SIR model fitted to Eyam plague outbreak.
@ About 1/3 of the population remains susceptible and 30% died.
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Eyam Plague (1665)

SIR model
2508 '

2001

1501

population

100+

50

time in months

@ SIR model fitted to Eyam plague outbreak.
@ About 1/3 of the population remains susceptible and 30% died.
@ Good agreement between model curves and historical data.
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SIR Limitations

@ SIR does not explicitly include births and deaths
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SIR Limitations

@ SIR does not explicitly include births and deaths

o SIR fits very well for a short time scale disease (fast diseases),
particularly for modeling epidemic outbreaks such as influenza.

@ ltis bad for slow diseases, such as HIV, tuberculosis, and hepatitis C,
that develop for a long period of time even on an individual level

@ To incorporate the population change in epidemic models, we need
population models of the growth of the human population.

@ The study of growth and change of human populations is called
demography

@ To model long-term diseases, demographic turnover must be
included.
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SIR with demography

@ We assume that all individuals are born susceptible.
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@ We assume that all individuals are born susceptible.
@ The epidemic model with demography becomes
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S'(t)=A—alS — uS,
I'(t) = alS — BI — ul,
R(t) = BI — uR.
A is the total birth rate and p the per capita natural death rate.

. A
@ The population is no longer constant, but approaches N (t) — m as
t — 00.
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SIR with demography

@ We assume that all individuals are born susceptible.
@ The epidemic model with demography becomes

S'(t)=A—alS — uS,
I'(t) = alS — BT — ul,
R'(t) = BT — pR.
A is the total birth rate and p the per capita natural death rate.

o A
@ The population is no longer constant, but approaches N (t) — m as
t — 00.

@ We cannot solve this system analytically but we can write it as a 2D
dynamical system (since R=N — S —I)

Sebastian Bahamonde Dynamical Systems 29/39



SIR with demography - DS

@ The dynamical system can be written as:

¥ =p(1—1x) - Roxy,
y' = (Roz — 1)y,

where
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SIR with demography - DS

@ The dynamical system can be written as:

¥ =p(1—1x) - Roxy,

y' = (Rox — 1)y,
where A

7] le}
==\ Ro=——.
=B °T u(B+ )
@ The long-term behavior of the solutions is particularly important from

an epidemiological perspective.
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SIR with demography - DS

@ The dynamical system can be written as:

¥ =p(1—1x) - Roxy,
y' = (Rox — 1)y,
where A
7] le}
= —) Ro=——.
=B 1(B + )
@ The long-term behavior of the solutions is particularly important from
an epidemiological perspective.
o Will it die out, or will it become endemic (stay constantly in a specific
population)?
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SIR with demography - DS analysis

The model has 2 critical points:
@ P, = (1,0) disease-free equilibrium (no infection persists).
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SIR with demography - DS analysis

The model has 2 critical points:
@ P, = (1,0) disease-free equilibrium (no infection persists).
0P = (%, MR+()-”) endemic equilibrium (infection persists).
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SIR with demography - DS analysis

The model has 2 critical points:
@ P, = (1,0) disease-free equilibrium (no infection persists).
0 P= (Rlo, MR+()-”) endemic equilibrium (infection persists).

2.0

1.5

y1.0

0.5

0.0

Trajectories converge to the disease-free state P, when Ry < 1, and to the
endemic state P, when Ry > 1.
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SIR with demography — some applications

@ It has been used to model COVID-19 infections in a population that
behaves homogeneously throughout the integration time.
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SIR with demography — some applications

@ It has been used to model COVID-19 infections in a population that
behaves homogeneously throughout the integration time.

@ To study long-term endemic diseases, such as measles or
chickenpox, where births replenish the susceptible population and
maintain recurrent outbreaks.

@ To analyze population-level persistence of infections, identifying
conditions under which a disease becomes endemic (stable
equilibrium) or dies out, using linear stability theory and reproduction
numbers.
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SIR with demography — some applications

@ In scenarios where public health interventions (vaccination,
quarantine, treatment) act over long time scales, requiring a model
with demographic turnover.
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SIR with demography — some applications

@ In scenarios where public health interventions (vaccination,
quarantine, treatment) act over long time scales, requiring a model
with demographic turnover.

@ To study reinfection dynamics or partial loss of immunity, especially
when demographic replacement interacts with waning immunity
(decreasing immunity), producing multiple attractors.

@ To evaluate the effect of mortality and birth rates on disease
persistence, helping to determine thresholds for eradication in
low-income or high-growth populations.
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Predator—Prey Model

o Let us first think to model the interaction of two distinct species like
rabbits and foxes, for instance.
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Predator—Prey Model

@ Let us first think to model the interaction of two distinct species like
rabbits and foxes, for instance.

@ More generally, one can model an apex predator interacting with its
prey: the Lotka—Volterra system.
@ We assume:

o In the absence of predators, the rate of increase of the prey population
is proportional to the population itself.

o In the absence of prey, the predator population would decrease in the
same way
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Lotka—Volterra Predator—Prey Model

System:

dx dy
= = z(—a + by), n =y(c—dx).

@ z is the number of predators and and y the number of prey.
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Lotka—Volterra Predator—Prey Model

System:
dx dy

= = z(—a + by), n =y(c—dx).
@ z is the number of predators and and y the number of prey.
@ a > 0,c¢ > 0 control the natural growth and decay rates of predators
and prey, respectively.
@ b > 0,d > 0 model the effect that encounters have on the respective
populations.
@ Two critical points:
o P, = (z,y) = (0,0): ( no population whatsoever - not important)
o P, = (z,y) = (c¢/d,a/b): corresponds to the idealised state in which
both populations are constant.
@ The fixed point P, is a center: nearby trajectories form closed periodic
orbits.
@ One can show that the populations = and y vary cyclically or
periodically.
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Brief Summary — Dynamical Systems Across Fields
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Brief Summary — Dynamical Systems Across Fields

@ Dynamical systems provide a universal language to study time
evolution.

@ Stability of critical points reveals long-term behaviour without solving
the equations explicitly.

@ Phase portraits give qualitative insight into attractors, repellers and
transitions.

@ The same tools explain cosmic evolution (radiation — matter — dark
energy) and biological dynamics (epidemics, ecological interactions).
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o Biology:
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Where else could we use Dynamical Systems?

o Biology:
o Can we model immune response, tumor growth, or microbiome
dynamics as DS?
o Are there hidden attractors or tipping points in complex biological
networks?
o Cosmology:
o Can dynamical-systems ideas help classify the behaviour of
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o Can we model immune response, tumor growth, or microbiome
dynamics as DS?
o Are there hidden attractors or tipping points in complex biological
networks?
o Cosmology:
o Can dynamical-systems ideas help classify the behaviour of
cosmological perturbations?
o Are there attractors or transitions in the growth of structure that DS
could reveal?
@ Physics more broadly:
o Could DS provide insight into stability and attractors in gravitational
dynamics (collapse, black-hole formation,..)?
o Can DS help uncover universal patterns in systems that look very
different (fluids, plasmas, turbulence, climate)?
@ General question for the audience:
Where in your own research might a dynamical-systems perspective
reveal hidden structure?
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